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Resumo 


Neste trabalho sao apresentados alguns conceitos basicos da Teoria de Liouville e J\T = 1 
Super Liouville, enfatizando o calculo das fungoes de tres pontos dessas teorias. Uma in- 
trodugao a Teoria de Campos Conformes (CFT) e a Supersimetria tambern sao incluidas, 
as quais constituem ferramentas basicas da presente pesquisa. 


1 



Abstract 


In this dissertation we present some basic features about Liouville and J\f = 1 Super 
Liouville Theory, and focus in the computation of their three point functions. Addition¬ 
ally, we include an introduction to Conformal Field Theories (CFT) and Supersymmetry, 
which are the basic tools of the present research. 
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Chapter 1 


Introduction 


Liouville theory has been extensively studied for several years in the context of two 
dimensional quantum gravity. This theory is understood as a toy model in order to 
try to understand some technical and conceptual problems arising within this field [17], 
without the inconvenience or difficulty of facing the mathematics of quantum gravity in 
higher dimensions. 

Its origin was in the highly regarded work by Poincare [1]. However, for physicists the 
main source was the seminal paper written by Polyakov [12]. That paper gave rise to a 
revolution in the dark days of string theory. With the fresh point of view it was possible 
to have a bosonic string theory in a dimension which would not be necessarily 26. Such 
a theory has been called non-critical string theory. In this way, non-critical string theory 
appears on the scene, and a vital part of this field is Liouville theory. Liouville theory 
could be also understood as the quantum theory of the world-sheet. 

An important cornerstone in the development of Liouville theory was the discovery of the 
Dorn-Otto-Zamolodchikov-Zamolodchikov proposal also named as the DOZZ formula. 
It was first derived by H. Dorn, J. Otto [25] and A. Zamolodchikov, Al. Zamolodchikov 
[23] . Such formula is an exact expression for the structure constant of the Liouville three 
point function. 

In recent years with the advent of the AdS/CFT correspondence, the DOZZ formula 
gains more importance. Because, as it was proposed by O. Coussaert, M. Henneaux 
and P. van Driel in [22], there exists a particular case of the correspondence called 
ACIS 3 /CFT 2 correspondence, where the CFT -2 is identified as the Liouville theory. In this 
sense, Liouville theory, viewed as a CFT in two dimensions, should have a gravitational 
dual theory living in an three dimensional Anti - de Sitter space-time AdS 3 . Hence, if 
we were able to find such a gravitational theory and then compute the minimal surface 
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formed by fixing three points at the boundary, it would be possible to compare that 
result with the DOZZ formula. A comparison of an exact expression, in both sides of 
the duality, would be an important step in the difficult task for proving the AdS/CFT 
correspondence. Nonetheless, the comparison between the minimal surface cited above 
and the DOZZ formula is currently an unsolved question. 

Therefore, due to its important role the DOZZ formula needs a careful and detailed 
examination. In order to study such an important result, in Chapter 2 we will develop 
the necessary mathematical tools, which come from Conformal Field Theory (CFT). 
From there, bosonic Liouville theory will be studied in Chapter 3. 

The usual way to compute the DOZZ correlator is by applying the so-called Coulomb 
Gas method. Nonetheless, we will perform this computation by applying an alternative 
method initially given in the papers of O’Raifeartaigh, J. Pawlowski and V. Sreedhar 
[20] [21]. Such a method will be named the OPS method. The main importance of 
the OPS method lies in the fact that it provides explicitly the lattice of poles, which 
are located in the denominator of the DOZZ formula. Whilst the Coulomb gas method 
maintains such lattice of poles hidden within its Taylor expansion of the exponential 
potential fj,e b( ^. We will discuss these points further in Chapter 4. 

Natural questions arise when we want to incorporate fermionic fields into Liouville the¬ 
ory. What does conformal invariance look like?, Is it still possible to compute precisely 
the new tree point function? If this is the case, what does it look like? In order to 
answer the first question, it will be necessary to introduce the machinery of Supersym¬ 
metry, which we will perform in Chapter 5. The main objective of Chapter 5 lies in 
the second question. We will also perform the computation of the Super Liouville three 
point function in this chapter. Our result follows previous research by E. Abdalla et al. 
[45], L. Alvarez-Gaume and Ph. Zaugg [47] [48] and R. Rashkov, M.Stanishkov [46]. In 
contrast to our previous computation, we used the usual Coulomb Gas method for the 
super Liouville three point function. 



Chapter 2 


Conformal Field Theory 


2.1 The beginning of Conformal field theory: Ising model 
at critical phase transition 


The critical behaviour of some systems at second order phase transitions is described by 
Conformally invariant Quantum Field Theory. The emblematic example is, of course, the 
Ising model in two dimensions. This model, with a constant interaction e, is described 
by the Hamiltonian, 

Hi = -ey ^cnaj, (2.1) 

(u) 

where (X; represents the spin which takes the values Uj = ±1 and the notation (ij) 
indicates summation only over pairs of nearest neighbour sites. The spin distribution is 
on the sites of a square lattice, as shown in Fig. 2.1. 



Figure 2.1: Spins a, = ±1 are distributed on the square lattice. 
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In addition, when the system is subject to a constant external magnetic field h , we have 
a total hamiltonian given by 


H = — e CTjOj — h 
(*?'} 




O’,; 


( 2 . 2 ) 


One of the most important quantities in this model is the magnetization M. As usual 
we define it as the expectation value of the spin M = ((Ji). Because the magnetic field 
h is acting on our system, we define another important statistical quantity in the Ising 
model, the magnetic susceptibility %. I n this way, it is not difficult to imagine that 
magnetic susceptibility measures the response of our system when a magnetic field is 
acting on it. Thus, we have 


dM 

~dh 


h=0 


(2.3) 


After a small calculation, it is found that magnetic susceptibility is proportional to the 
variance of the total spin UTot = I n this context it is also usual to define the 

connected pair correlation function as T c (i — j) = (cTjCJj) — ( ai)(crj ). Hence, using such 
a function our magnetic susceptibility is rewritten as [3] 


X = /3j> c (i) (2.4) 

i 

where (3 = 1 /T, using the Boltzmann constant kg = 1. 

Closer to the critical point, characterized by the critical temperature T c , the functions 
defined above have a very special form. Around criticality there exists another important 
parameter, the correlation length £. For instance, the correlation function T* is expressed 
as 

r(i — j) ~ e I "> . (2-5) 

However, the correlation length closer to the critical point is given by an expression 
proportional to | T — T c | -1 , diverging at T c . At criticality T c , one obtains that T(i — j) 
becomes proportional to |i — j\ 2 ~ d ~ v (for a d dimensional space). Hence, for d = 2 we 
have | i — jj -T? , and for the two dimensional Ising model r] = 1/4. 

Finally, in this regimen it is usual to use the so called “Scaling hypothesis”. This 
hypothesis establishes that the free energy F near the critical point is a homogeneous 
function of its parameters, the external field h and the reduced parameter r = ^ — 1 . 
In this case, parameters a, b and a scaling parameter A exists such that 


F(X a T, A b h) = XF(t , h). 


(2.6) 
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This scaling property around criticality gives rise to the idea of Conformal Field Theory 
(CFT). The study of CFT is the main objective of this chapter and is the basis of String 
theory, in particular, Liouville theory which is the central issue of the work presented. 


2.2 Conformal Theories in d dimensions 


2.2.1 Conformal group in d dimensions 


We started by considering the space M. p,q (where d = p + q is the total dimension) with 
flat metric g^ = ij^. In this space we construct the line element ds 2 = g^dx^dx" and 
analyse how the metric g^ transforms under a change of coordinates x H > x'. We have 



dx a dx 13 
dxT dx' v ®“ 13 X 


(2.7) 


On the other hand, we define the conformal group as the subgroup of coordinate trans¬ 
formations that leaves the metric invariant, up to a scale change such as 


g'^{x) = CL{x)g, lv (x). 


( 2 . 8 ) 


These transformations preserve the angle between two vectors. For instance, in the case 
of two vectors v and w which belong to a finite dimensional Euclidean Vector Space V 
we know from Calculus that 


8 = arccos (v.w/^w 2 ) 1 ^ 2 ). 


(2.9) 


From this equation it is easy to see that the angle 8 given by eq.(2.9) is preserved. 
According to the definition of the scalar product v.w = g^ v v p w v , we have 


8 ' 


arccos 


arccos 


arccos 

8 . 


( (' v - w )' \ 
\{v 2 w 2 y 1/2 ) 

f \ 

\^{Ct{x) 2 v 2 w 2 ) 1 / 2 J 
( FL{x)g^, v v p w u \ 
vn(.x)(u 2 u; 2 ) 1 / 2 y 


Now using, fl(x) = 1, in eq.(2.8), we are led to the invariant metric g' liv {x r ) = g /w (x). 
In this way, we find that the Poincare group 1 is a subgroup of the conformal group. 

In order to find a closed expression for generators of the conformal group, we analyse 

1 Poincare Group=Translations(g> Lorentz transformations. 
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first the infinitesimal coordinate transformation —> x' lL = x^+e^. If it is substituted 

into eq.(2.7) along with the definition of line element ds 2 , we get 

ds 2 —> ds' 2 = ds 2 + {d^e v + d u £ fl )dx ll dx l/ . ( 2 - 10 ) 

Therefore, if we want an expression obeying conformal invariance as given by eq.(2.8), 
we need the second term in eq.(2.10) to be proportional to the line element ds 2 . This is 
achieved if we have 

dfj,£u T — kr/^p, (2.11) 

where k is an scalar function. In order to obtain such a constant, we multiply eq.(2.11) 
by rj^ u as follows, 


r}‘ J ‘ v [d lx £ v + d I/ £ IJ \ = krj^rj^p 

2(3. e) = k(d) 

k = 3M. 

d 

Hence, eq.(2.11) can be written as, 

d fl £p + dp£n = (2.12) 

For our purposes eq.(2.12) should be rewritten in a more convenient form. We explicitly 
compute it below, 

[dd^Ep + ddpE^} = <9 M <9 M [(d.e)^ + (d.e)^] , 

2 d^n^d.E) = n^n^d.E) + ddfjd u (d.£), 

where we used rj^ v n^ v = d. Finally, we obtain 

(jfyi/D + (d- 2)d, 1 d v ){d.e) = 0. (2-13) 


Eqs.(2.13) or (2.12) are called the condition for conformal locality. 

Let us first analyse the general case d > 2 in the condition of conformal locality. In the 
next section, we will analyse the very special case d = 2 in eq.( 2 . 12 ). 

It is not difficult to see that if d > 2, there are third derivatives applied on e. Hence, 
in order to maintain eq.(2.13), we require that e should be at most a quadratic expres¬ 
sion on x^. In this way, it is usual to classify these different expressions of e in four 
parts. By defining two arbitrary constant vectors a^, b M and a constant A, we write this 
classification as: 
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1. Translations: = a^, zero order in x^, 

2. Rotations: = C 0 yX u , first order in x^, 

3. Scale transformations: e^ = Xx 11 , first order in x^, 

4. Special conformal transformations: = b^x 2 — 2x fl (b ■ x), second order in x 11 . 

These four transformations give rise to the so called conformal group. We return to this 
point later. In the next section, as mentioned above, the special case of two dimensions 
will be analysed. 


2.2.2 Conformal algebra in 2 dimensions 

Here we study the conformal algebra in two dimensions d = 2 arising from eq.(2.12). 
Taking into account the euclidean metric given by g^ v = 6^, this equation becomes the 
Riemann Cauchy equations: 


de\ 

Iff 


de 2 
dx 2 ’ 


de 2 

IhF 


de\ 

dx 2 


(2.14) 


Now, let us define the following complex relations z = x 1 Fix 2 , z = x 1 — ix 2 and e(z) = 
e 1 + is 2 , e(z) = e 1 — ie 2 . From eq.(2.14) it follows that our two dimensional conformal 
transformations are nothing less than the analytic complex coordinate transformations 
eq.(2.15), 

2 — > f(z), z—> f{z). (2.15) 

On the other hand, our differential line element, which in M 2 is defined as ds 2 = (dx 1 ) 2 + 
(dx 2 ) 2 turns into ds 2 = dzdz. Under these analytic transformations we analyse how the 
line element ds 2 transforms, 


ds 2 = dzdz 


ds' 2 = 


df 


dz 


dzdz. 


(2.16) 


This relation is nothing more than our definition of conformal transformations by re¬ 
placing the conformal factor by H = \df/dz\ 2 . Now, we can derive the commutation 
relations of generators associated with infinitesimal transformations. The infinitesimal 
(anti-) holomorphic transformations are 


z = z ■ 


z' = Z + £ n (z)i 


(2.17) 


where n £ Z. Explicitly, we find that the functions e n (z) and e n (z) are given by 


e n (z) = -z n+1 , e m (z) = -z m+1 . 


(2.18) 
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Hence, the following infinitesimal generators are obtained, 



(2.19) 


The commutator between two of these generators [Z m , l n \ is obtained by applying it over 
an arbitrary function fy(z,z). We have, 


Z) — (Jm^n 




(-z m+1 d z )(-z n+1 d g )#(z,z) - (- Z n+1 d z )(-Z m+1 d z )V(z,Z ) 


(n-rn)z m+n+1 <9*T(2,z). 


However, _^( m+n ) +1 0 2 is the generator l m +n- Thus, in operator form we get 


[lmiln\ — (jn nflm+n- 


( 2 . 20 ) 


For the other commutators [Z m ,Z n ] and [Z m ,Z n ] we proceed analogously. In this way, we 
have the next two relations, 


[Zm>Zn] — (^n Tl)lm+n j and [Zmj Zn] — 0. 


( 2 . 21 ) 


The latter equation shows that the local conformal algebra is the direct sum of two 
independent (perhaps isomorphic) sub-algebras H 0 HI. Due to this relation, we can 
regard z and ~z as two independent coordinates. Each of these sub-algebras, HI and HI 
are defined by [l m ,l n ] = (m - n)l m+n and [7 m ,7 n ] = (to - n)l m+n , respectively. By 
using l n , we can dehne the vector field W(z). According to this, we could then say that 
holomorphic conformal transformations are generated by the vector field W (z), as is 
clear from eq.(2.22): 


W (z) = —T, n a n l n 
W (z) = Z n a n z n+1 d z 


( 2 . 22 ) 

(2.23) 


If we want non-singularity as 2 0 for a n 0, the requirement is n + 1 > 0. As a 

result, our first restriction for n is 


n > —1. 


(2.24) 
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We can now proceed analogously as z goes to oo. In this order, let us define the fol¬ 
lowing transformation by z = —1/w. The next step is to build the vectorial field W (z). 
Therefore, we have: 

W (z) = + d w , (2.25) 

W(z) = S n a n (-u;) 1 - n ^. (2.26) 

Applying the same analysis as before, eq.(2.26) gives us another restriction, 1 — n > 0. 
Hence, we have also the restriction for n, 

n < 1. (2.27) 

Due to (2.24) and (2.27), W (z) is globally 2 defined only for a certain range of values 
for n (n 6 Z): 

-l<n<l, n<EZ (2.28) 

As n is an integer, it only takes three values: n = —1,0,1. From this limited number 
of allowed values for n, we can conclude that in two dimensions we only have three 
generators, for each sub-algebra H, H, of the global conformal group. Explicitly, they 
are labelled by l-\,lo,li G HI and Z_i, Zo, ii 6 H. For instance, it is possible to identify 
/_i and i as the translation generators. In the same way, dilatations are identified 
with Iq + I 0 and rotations with i(Iq — Iq). Finally, l\ and l\ are the generators of special 
conformal transformations. 

2.2.3 Constraints imposed by conformal invariance in d dimensions 

In this section we analyse some constraints imposed by conformal invariance, in the 
general d-dimensional case, to the N- point functions of a quantum theory. In the next 
section, we will deal with the very special case of a d = 2 conformal theory. 

We start by defining some general properties about a theory which possesses conformal 
invariance, then we define the quasi-primary fields, along with certain properties about 
these fields. Finally, these definitions and properties are used to find the general form 
of the two, three and four point functions, up to their structure constants. 

It is important to point out that it is not possible to find these structure constants 
by using conformal field methods only. In fact, they depend on the particular kind of 
Lagrangian we use. 

Now, fields in a conformal theory have the following properties: 

“Here, we mean by global in the sense W(z) is defined over all Riemann sphere. 
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1. In a conformal field theory, we have a set of fields 31 ,which are labelled by the 
index i (to denote different fields). Hence, we have the set {3*}- This set of fields 
is, in general, infinite and in particular includes derivatives of fields 3 ?;- 

= {di} (2.29) 


2. There exists a subset of £3 called the set of quasi-primary fields 


{<Pj} c £$■ 


(2.30) 


Quasi-primary fields transform under a global conformal transformation x —> x' 
according to the rule 


ipj(x) 


dxf_ 

dx 


A fid 

<Pj(x'), 


(2.31) 


where A j is the dimension associated to tpj. Eq. (2.31) imposes the next 
transformation for correlation functions: 


(Vi(xi) • ■■<Pn{x n )) 


dx' 

Ai/d 

dx' 

dx 

Xi 

dx 


(¥>i(*i )---Tn(x' n )) 


(2.32) 


indexes xj =1 n on Jacobians mean that they are evaluated for these points. 


3. Any other element of (Tj can be expressed as a linear combination of the quasi- 
primary fields and their derivatives. Thus, if ipk £ we have, 


ipk — 'y ] a kTi (2.33) 

ie N 

where ipfi s are the quasi-primary fields and al’s are the coefficients of this linear 
expansion. 

4. There is a vacuum |0) invariant under the global conformal group. 


From eq.(2.32) we impose some restrictions over the two and three point functions, under 
the global conformal group. Remember that the global conformal group is made up by 
the Poincare group, scale transformations and special conformal transformations, they 
are listed below: 


a. Translations, = affi 

b. Rotations, = QvX u . 


c. Scale transformations, = Xx fl . 
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d. Special conformal transformations, = b^x 2 — 2 x mu b.x. 


In order to obtain the desired general form for the N - point functions, we should analyse 


how they are restricted by the cited transformations. 

a. Translation invariance: 

From the usual properties of translations, it is easy to conclude that a general Ap¬ 
point function depends not on N independent coordinates Xi, but rather only on their 
difference Xj — Xj. A simple combinatorial analysis shows us that the total independent 
quantities are N(N — 1). 

b. Rotation invariance: 

For simplicity we consider spinless objects. Rotational invariance tell us that for a 
dimension d large enough N - point functions only depend on the N(N— 1)/2 distances 
T'ij = |Xi — Xj\. Note that here we label the difference between x l , 3 only by r^. 

c. Scale invariance: 

A scale transformation is defined by: 


(2.34) 


Xk A.Tfc 


Therefore, it is also valid for the following relation: 



From this last equation, scale invariance allows only dependence on the ratios rij/rki , 
because the scale factor is cancelled. 

d. Special conformal transformation: 

From the above transformation, we have 




(2.35) 


u (1 + 2 b.Xi + b 2 x 2 )( 1 + 2 b.Xj + b 2 x 2 ) 


3 In lower dimensions the N - point functions have linear relations among their coordinates which 
reduce the number of independent quantities. 
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According to this, we see that the so called cross-ratios, 


T"ij r kl 
fik r jl 

are invariant not only under special conformal transformations, but also under the full 
conformal group. 


Having defined these restrictions, we find out how they affect the two and three point 
functions. From eq.(2.31), the 2-point function of two quasi-primary fields <pi and if 2 
has a covariant transformation law given by eq.(2.32), thus we have: 


<¥>(*! )<P(* 2 )> 


dx' 

Ai /d 

dx' 

dx 

X=X\ 

dx 


A2 /d 


X=X2 


(<p(x 1M4))- 


(2.37) 


As stated above, invariance under translation and rotation fix our two point function to 
be dependent on ri 2 = \x\ — 22 1- On the other hand, invariance under dilatation, say 
x —> \x, impose that ri 2 is raised to Ai + A 2 . Finally, special conformal transformation 
implies that Ai = A 2 = A or the two point function vanishes otherwise. In this way, 
our two point function has the following expression 


M®lM®2)) 


'% a, = a, = a 

0 Ai / A 2 


On the other hand, for the three point function by using similar arguments about in¬ 
variance under the conformal group we obtain: 


<¥>(* lM®2M®3)) = Y 

ijk 


Cijk 

r 12 r 23 r 13 


Here, due to special conformal transformations, we have: 


(2.38) 


i = Ai + A 2 — A 3 

(2.39) 

j = A 2 + A 3 — Ai 

(2.40) 

k = A 3 + Ai - A 2 

(2.41) 


2.3 Conformal Theories in 2 dimensions 


Here, we focus on the special case of conformal theory in two dimensions. One of the 
most important notions is the concept of primary fields, thus it will be the next point 
to focus on. 
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2.3.1 Primary fields 


In order to generalize eq.(2.16), we start by defining the primary fields. A primary field 
<p(z,z) of conformal weight (h, h ) in a 2d conformal field theory is a field which has a 
transformation rule, under the analytical maps z —> f(z) and z —> f(z), defined by 


(p{z,z) 



df(z) 

&z 


h 

T(f(z)J(z)), 


(2.42) 


where h,h E M. It is important to point out that h is not the complex conjugate of 
h. An equivalent way to define eq.(2.42) is by the quantity (p(z,z)dz h dz h . By imposing 
that this expression is invariant under the analytical transformations described above, 
we obtain: 

ip(z,z)dz h dz R = (p(f(z),f(z))df(z) h df(z) K (2.43) 

Not all fields are primaries, this is a problem because in this case we do not know their 
transformations rule. Fortunately, these non-primary fields in a conformal field theory 
can be expressed in terms of primary fields only, this is why primaries are so important! 
In addition, these non-primary fields are called secondary fields. 

In virtue of eq. (2.42), all primary fields are automatically quasi-primaries. Therefore, 
we can conclude that primary fields satisfying eq.(2.31) under the global conformal 
group. 


As usual in quantum field theory, it is useful to analyse how such a transformation 
behaves for infinitesimal transformations 2 —> z + e(z) and its anti-holomorphic coun¬ 
terpart z —> z + e(z). By inserting these transformations into eq.(2.42), we obtain 


^ d(z + e ( s)) ^ 

^ d(g + e ( -g)) ^ 


(1 + d z e( z )) h — 1 + h( 9e( 2 ), 

(2.44) 

(1 + d z£(z)) h = 1 + h de( z -), , 

(2.45) 


where d z = d and d z = d are a short notation for holomorphic and anti-holomorphic 
partial derivatives, respectively. The Taylor expansion of ip(z+e,z+e), around ( 20 ,^ 0 ) = 
(0,0), at first order yields 


<p(z + e,z + e) = (p(z, z) + ed<p(z, z) + edtp(z, z). 


(2.46) 
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Substituting eqs.(2.44), (2.45) and (2.46) into eq.(2.42), we have 

(p(z',z') = (1 + hd e)(l + h de)(<p(z, z) + edip(z, z) + edip(z,z)) 

= (1 + hde + h de)(ip(z,z) + ed(p(z,~z) + ed<p(z,z)) 

= ip+{hde + hde + ed + ed)tp(z,z). (2.47) 

According to the above equation, an expression for transformation of a primary field 
with conformal weight (h, h), under the infinitesimal conformal transformation described 
before is obtained. From eq.(2.47) the infinitesimal variation of a primary field is given 
by the expression, 


S e e<p(z, z) = [(hde + ed) + (hcFe + edz)\ tp(z, z). (2.48) 

Following the same lines as in quantum field theory, we assume that this infinitesimal 
transformation arise from a Taylor expansion at first order on its generator. Such a 
generator is understood as a conserved charge. Hence, our next step is to examine what 
role the conserved charge plays in this context. 


2.4 Conserved charges and Radial ordering 


According to quantum theory, to each symmetry we can associate a conserved current 
j ,J ', which is conserved, 

d„r = 0. (2.49) 

Along with this current, due to Noether’s theorem, we can associate a conserved charge 
Q. In a d dimensional quantum field theory, with d — 1 spacial dimensions, we obtain 
such a conserved charge by performing the integral, 


Q 


/ 


d^xjo. 


(2.50) 


From quantum theory we also know that for any field 4>, its infinitesimal variation can 
be expressed as 

5 e $ = e[Q,T]. (2.51) 

This charge Q, generating the local coordinates transformation, can be constructed from 
the energy-momentum tensor T^ u by using eq.(2.50). Because the current could be 
constructed as 


jfj. = TfiuX u , dilatation current, (2-52) 

jn = T IIM e 1 ', other currents. (2.53) 
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In a conformal theory T. IV is traceless , this restriction is known as the scale invariance 
condition. From the dilatation current (due to scale invariance) eq.(2.52) and the con¬ 
served current eq.(2.49), we directly obtain d^{Tjfx v ) = Tjf = 0. Thus, these expressions 
are given by: 

dfij^ = T[f =0, for dilatation current, (2-54) 

= ^Tjf(d.e) = 0, other currents. (2.55) 

Now, we want to explore the scale invariance condition for conformal theories. We use 
a general metric ds 2 = g a gdx a dx ^, obtaining 

g^d^T afi = 0. (2.56) 

In a flat Euclidean space g fW = 5^ and its line element can be expressed as ds 2 = dzdz 
( g zz = gzz = 0). The traceless condition takes the form 

T Z z = 0. (2.57) 

Along with eq.(2.56) and g zz = g Z z = 0, it implies 

dzT zz = 0, and = 0. (2.58) 

To find the charge Q in terms of the energy-momentum tensor T^, we replace eq.(2.53) 
into eq.(2.50), and write 

Q = 7 ^- j> {dzT zz e + dzTzzl} . (2.59) 

The constant factor in front of the contour integral is a suitable factor for a posteriori 
calculation. Hence, eqs.(2.51) and (2.59) yields 

8ip(w, w) ej e = j) dz [T zz e, <p(w, w)] + -dz [T^e, ip(w, w)] . (2.60) 

We should be careful with the commutators [T zz e,ip(w,w)] and [T-~z€,ip(w,w)\ inside 
the latter integrals. Because they are thought to be working into path integrals later. 
Hence, these commutators have to be time ordered. 

The well known time ordering in quantum field theory becomes radial ordering in con¬ 
formal field theory. Holomorphic (resp. antiholomorphic) transformations 2 —> f{z) are 
complex mappings of the form e T+ia , where r can be understood as the physical time. 
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Therefore, it is possible to identify this transformation over the complex plane as 


r e ie = e T 


(2.61) 


Thus, radial displacements are related to time variations. From this statement we are 
able to define the ordering of operator products as A(z)B(w). For instance, it is easy 
to see that 

A(z)B(w), for |^| < |w| 


does not make sense, since this is not equivalent to the time-ordering in quantum field 
theory (QFT). Because in QFT we place operators evaluated at later times to the left. 
Therefore, we find that a product of operators A{z)B{w) is defined as \z\ > |rc|. In 
this way, we denote radial ordering for two operators as 1Z(A(z)B{w)) and define it as 
follows: 


K{A(z)B(w)} 


A(z)B(w) for \z\ > |u> 
B{w)A{z) for |tc| > |z 


(2.62) 


By taking the contour integral of the commutator expression [ A , B\ = AB — BA. Where 
A(z)B(w) and B{w)A(z ) are defined by eq.(2.62), we have: 


f 

J\z\>\w\ 


A(z)B(w)dz 


f 

J\w\>\z\ 


B(w)A(z)dz 


1Z(A(z)B(w))dz 


The difference between contour integrals in the complex plane C is best illustrated in 
Fig. 2.2: 




Figure 2.2: Contour integration used to define radial ordering, lZ(A(z)B(w)). 


Note that if the operators involved are fermionic we have to be careful, because we get a 
minus sign from each permutation. All above definitions allow us to promote the equal 
time commutator with the spatial integral [/ dxA, B\e.t. to the contour integral of the 
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radial ordering product f dzTZ (A(z)B(w)}. Now, from eq.(2.60) it is easy to obtain 

Sp(w,w) e ^ =-*-(/ dze1l{T zz tp(w,w)} + -(f dz e77 {T^(w, w)} . (2.63) 

2m J c 2m J c 

Comparing (2.48) and (2.63), we see that 

j) dzell{T zz ip(w,m)} = \hd w e(w) + e(w)d w ] p(w,w), 

^ dzeTZ{T zz (p(w,w)} = \hdwe{w) + e(u;)<3^] ip(w,w). 

Now, taking into account the Cauchy’s residue theorem, 


(2.64) 

(2.65) 


j> f(z)dz = 2m ^2 Res(f, a k ), 


( 2 . 66 ) 


where Res(f, a k ) is the residue of f(z) around each one of its singularities a k . Separating 
eq.(2.64) in two holomorphic terms, we obtain 

<*) 


hd w e(w)(p(w,w) = — ® dzh . . „ ip(w, w), (2.67) 

27T JC(w) ( z ~ w ) 

c(v\ 

( 2 . 68 ) 


Tc{w) (~ ~ w ) 2 

e(w)d w p(w,w)ip(w,w) = — (f dz - — ^ ^ d w ip(w,W 

27T Jc(w) ~ 


IC(w) ( z ~ W) 

where C(w) is the contour around w. From eqs.(2.64), (2.65), (2.67) and (2.68), we find 


77 { T zz tp(w , w)} = -— h —o w) + - — 1 — -d w <p(w, w). (2.69) 

[z — w) z (z — w) 

And similarly for the anti-holomorphic part 77 {Tzz(p(w, w)}. We adopt the usual con¬ 
vention of dropping the symbol 77 in all expressions involving product of operators, from 
now on. Thus, we have for the holomorphic and the anti-holomorphic operator product 
between the stress-energy tensor and the field tp 

T zz ip(w,w) 

TzzP>(w,w) 

We always have to keep in mind that the left-hand side is understood as into a radial 
ordering 77. 

In the next section we start by working with operator products, such as T zz ip(w,w). In 
this context a natural problem is the divergence which arises when we wish to define 
such an operator product in the same space-time point. This problem leads us to the 
concept of Operator Product Expansion (OPE). 


<p(w, w) + -—-— -d w ip(w, w), 


(2.70) 


= t-— =y 2 P(w,w) + T z —=v<3 m <p(w,w). (2.71) 


(z — w ) 2 
h 

(z — w) 


(z — w ) 

1 

(z — w) 
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2.5 Operator Product Expansion OPE 

By analysing primary fields and their constraints for a Conformal Field Theory, we 
have arrived at the concept of radial ordering and it has led to the concept of operator 
products. Now, in this section we examine in detail the concept of Operator Product 
Expansion which arises to deal with the problem of defining operator products at the 
same point (in our context a point on the complex plane C). For this purpose let us 
first start by describing what is understood by a local operator in a CFT. 

In quantum field theory it is usual to reserve the term “ field ” for objects <f> which 
are placed in the path integral. On the other hand, in a CFT a field relates to any 
local expression. For instance, the field f as in QFT, but it also includes other local 
expressions as <9 n (/> or e 1 ^. 

Now, let us explain in the next paragraphs, what is called an operator product expansion 
(OPE). When we study the behaviour of local operators as they approach each other. 
We start by giving ourself the idea of two local operators at nearby points. But what 
happens when they are infinitesimally approximated? This is a natural question in this 
context and to answer it, we first expose where the concept of OPE arises. 

As was mentioned in Section 2.2, the Ising model is the birthplace of all these tools and 
concepts. Hence, to understand how the concept of OPE arised, it is useful to look at 
this model. 

We recall that the Ising hamiltonian is described by H = — e JW cJjCJj, where {i,j} are 
labelling sites on a square lattice. Now, if each node of the lattice is labelled by r, then 
Uj means cr(?’j). As we know, each node is associated to a binary-valued spin = ±1. 
In addition, we promote the constant coupling interaction e to a variable one, and also 
to depend on the distance between the nodes, 

e —> eij = €( r ._ r .y (2.72) 


In this way, the Ising hamiltonian is given by: 

H = - eijdiCTj (2.73) 

ij 

Each configuration {i, j} allows us to define a statistical weight w({z, j}) oc exp (Y2ij 
where > 0. A local observable </> n (r) in the lattice model is the sum of products of 
nearby spins over some region. 
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Defining the partition function as Z = yh ■ w({i, j}). Furthermore, correlation functions 
are defined as the expectation values of local observables and are given by 

(<Mn) • ■■(t>n{r n )) = ■ ■ -<i>n{rn)u{{i,j}). (2.74) 

ij 

In general the connected pieces of these correlations functions fall off over the same 
distance scale as the interaction e t j. However, close to the critical point the correlation 
length can become larger than the lattice length. We label such a lattice length by L. 

The scaling limit is obtained as L —> 0, while we keep the correlation length and the 
domain fixed. Correlation functions, as defined above, do not posses a finite scaling limit 
in general. Nonetheless, renormalization theory suggests that there is a combination of 
local lattice observables which is multiplicatively renormalizable. This means that the 
limit 

lirn L~ ^k=i x k (<y (n)... (j) n (r n )} (2.75) 

L—> 0 

exists for certain values of {x^}- It is customary to denote this limit by the simpler 
expression 

(4>i(ri)... 4> n {r n )). (2.76) 

The numbers {x^} can be identified with our conformal weights. One important reason 
why eq.(2.76) is not true in general is because of the limit in eq.(2.75) which in fact only 
exists if the points {r*} are non-coincident. Thus, correlation functions given by eq.(2.76) 
are singular as —> rj. Nevertheless, the nature of these singularities is prescribed by 
the OPE 

• • •) = c nk(ri - rj){(fk C l+ 2 r3 ) ■■■)■ (2.77) 

k 

The main point here is that, in the limit when |r* — rj\ is much less than the separation 
between and all the other arguments, which are represented by dots, the coefficients 
Cijk are independent of these. As a result, eq.(2.77) is usually written as 

< t > i( r i) ( t , j( r j) = ^2 C ijk {ri - rj)(j) k ( ri + rj ). (2.78) 

k 

It must be stressed that this is merely a short-hand for eq.(2.77). 

Coming back to CFT, we consider the set of all local operators and denote it by {Oi}. 
For Oi and Oj belong to {Oi}, the OPE is defined as has been stated above, 

Oi(z, z)Oj(w, w) = *22 Cfj( z — w,z — w)O k (w , w). 

k 


(2.79) 
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The structure coefficients C^(z — w,z — w) are (singular) functions which only depend 
on the distance between the operators. We have to recall here that these products are 
always understood inside time-ordered correlation functions (or in our case inside radial 
ordering) as follows, 


(Oi(z,z)Oj(w,w ) • • •) = £cg(z - w,z - w ) (O k (w,w) ...). (2.80) 

k 

Other operator insertions are represented by dots as before. Correlations functions 
are always assumed to be radial ordered, it means that everything commutes since the 
ordering of operators is determined inside the correlation function anyway. Then we 
would have expressions, such as Oi(z,z)Oj(w,w) = Oj(w,w)Oi(z,z). 

If operators are Grassmannian, we recall that they get a minus sign from each commu¬ 
tation, even inside radial ordering products. 


Operator product expansions have singular behaviour as z w, and this singular be¬ 
haviour will turn out to contain the same information as commutation relations. It 
was shown by using the Cauchy theorem from complex analysis. In this way, singular 
terms also tells us how operators transform under symmetries. Thus, we will pay special 
attention to singular terms in the OPEs, as we did in a previous section for T^z<p(w,w). 


The eq.(2.79) is an asymptotic expansion, however in a conformal theory it has been 
argued to converge [8] [10]. The coordinate dependence of Cfj(z — w,z — w) can be 
determined by dimensional analysis for operators of fixed scaling dimension A and A. 
Thus we have, from (2.79), 


CfAz -w,z-w) 


1 


Ao,+Ao,-Ao, t- iAq+A c>.-A© 


Z — W 


z — w\ 


2.6 Bosonic Field, the first example 


Let us illustrate how such a formalism works for the free scalar field. We start by using 
the string theory action, the so called Polyakov action [12], 

Sb = 4ttc/ J (2.81) 


Taking into account the canonical choice g a @ = e 2 ^5 a ^ by using the reparametrization 
invariance to fix the metric on the right hand side to be proportional to the flat Euclidean 
metric. Thus, eq.(2.81) is reduced to 


Sb 


47ra' 


d 2 ad a X»d a X tl . 


(2.82) 
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From equation eq.(2.82), the classical equation of motion is d 2 X = 0. Now, we will start 
by familiarizing ourselves with some techniques using path integrals, in order to derive 
an analogous statement at the quantum level. 


As we recall from ordinary calculus that the integral of a total derivative vanishes. We 
promote this statement to the path integral language 


0= VX 


5X(5) 


C s = / VXe~ s 


‘1'na! 


d 2 X(a) 


(2.83) 


but this is nothing more than the Ehrenfest theorem. This theorem states that expec¬ 
tation values of operators obey classical equations of motion, 


(d 2 X(a)) = 0. 


(2.84) 


2.6.1 Propagator of the X field. 


Deriving the propagator of the X field by using the path integral technique which has 
been developed above. We apply the same argument of taking the integral of a total 
derivative that vanishes. However, the integrand is taken to be e~ s X. The computation 
follows as 


1= / ra fi)['" IM ]=/ rar ‘ 


‘I'na! 


d 2 X(o)X(a') + 5 2 ((j -a’) 


(d 2 X(a)X(a')) = -2tt a'd 2 (a - a). (2.85) 

Eq.(2.85) is the differential equation for the propagator (X(a)X(a')). Thus, we can 
write 

d 2 (X(a)X(a')) = -2-Ka'5 2 (a - a'). (2.86) 

To solve this equation, we checked the standard result from complex calculus, 


d 2 ln(cr — a') 2 = 47n5 2 (a — a'). 


(2.87) 


From eqs.(2.86) and (2.87), we conclude that the expression of the propagator of a free 
scalar field in two-dimensions is given by 

(X(a)X(cr')) = ~ ln(cr - a’) 2 . (2.88) 

We realize that this propagator has an ultra-violet divergence which is common to all 
field theories. In addition, it also has an infra-red divergence as \a — <r'\ —> oo. 
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After a change of coordinates z = <J\ + ia 2 , the classical equation of motion d 2 X(a) = 0 
can be written in the convenient form ddX(z,z ) = 0. It allows us to split X as left- 
moving (holomorphic) and right-moving (anti-holomorphic) pieces, 

X(z, z) = X(z) + X(z). (2.89) 

They have propagators 


(X(z)X(w)) = 

-yhi ( z ~ w ), 

(2.90) 

(X(z)X(w)) = 

1 

to | y 

j=f 

Ti? 

1 

SI 

(2.91) 


From these relations it follows that the field X(z) is not itself a conformal field. However 
its derivative has a rather nice looking short distance expansion, 

(dX(z)dX(w)) = Xj r f-y+... (2.92) 

where dots mean non-divergent terms. 

2.6.2 The Energy-Momentum Tensor and Primary Operators 

To compute the OPE of the energy-momentum tensor T zz with other operators plays 
a vital role in a CFT. For instance, the classical theory of the free scalar field has an 
energy-momentum tensor which is given by 

T(z) = ~—,d X(z)dX(z), (2.93) 

a! 

where T(z) = T zz . It involves a product of two operators defined at the same point z. 
This fact reminds us of an OPE expansion. In addition, as we have seen from eq.(2.88), 
it has an infra-red and ultra-violet divergence due to its logarithmic behaviour. 

In the same way as it usually performed in QFT, we define the normal ordering. It is 
well known that normal ordering naively means to put all annihilation operator modes 
to the right. Another equivalent way to do this, which is more convenient in CFT, is by 
defining normal ordering, usually denoted by : • • • :. We adopt this notation as follows, 

T(z) = —-7 : dX(z)dX(z) : = lim (dX(z)dX(w) - (dX(z)dX(w))). (2.94) 

or a! z^w 

It is not difficult to see that ( T(z )) = 0. 
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From eq.(2.70) we already know what is the general form of an OPE between the energy- 
momentum operator and one primary field. Thus, such a form is expected for the 
energy-momentum operator described by eq.(2.93) and a suitable primary field. 

By using eq.(2.88), we will compute two illustrative examples of OPEs. The first one 
is T(z)dX(w) and the other T(z)e lkX< ~ w '>. In this calculation we need to be aware of 
the fact that both OPEs are inside radial ordering. We recall that radial ordering is an 
analogous of time ordering in QFT. Hence, radial ordering and normal ordering should 
be also connected in CFT. 

Fortunately, the well known Wick’s theorem still holds. It states that a normal or¬ 
dered product can be split into several pieces which only involve time ordered products. 
Formally, we have for arbitrary operators Ok 4 , 


n]\O k ] =:\]<%:+ £<0„0„>x: f[ Ok • + ^ ^ cross-contractions. (2.95) 

k k k=fL,v 


Using Wick’s theorem and eq.(2.88) we find T(z)dX(w), 

m, . dX(w) d 2 X(w ) 

(z — w) z z — w 


(2.96) 


By comparing this last expression with eq.(2.93), we become aware that dX(w ) is a 
primary field of conformal weight h = 1. 

The other OPE is computed in two parts [8]. First, we compute the OPE 


dX{z) : e ikX « : = ^ dX(z ) : X j (w) : 


3 =o 
ia'k : e lkX ( w '> 

2 z — w 


+ ... 


(2.97) 


Now, we can compute 


T(z)e lkX (™> =-- : dX(z)dX(z ) :: e 

a 


ikX , 


( to ) 


a'k 2 e lkX d w e lkX< - w '> 
-1---h . 

4 (z — w) 2 z — w 


(2.98) 


Finally, we also write the OPE between two energy-momentum tensors. Using eq.(2.96), 
we have 

1 /9 97~Y nA F) r T(in\ 

(2.99) 


, 1/2 2 T(w) dT(w) 

T{z)T(w) = , 1 + , K { 0 + 1 ; 


(^ — re) 4 (2 — u;) 2 z — w 
We will come back to study this OPE later. 


4 Here, for pedagogical purposes we write explicitly the radial ordering by 1Z[. .. ]. 
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2.7 The second example, the Fermionic Field 


Another important example of a two dimensional conformal field theory is provided 
by the theory of a single massless Majorana-Weyl fermion. We recall that Majorana 
condition is equivalent to the requirement of reality condition [4]. On the other hand, 
Weyl condition defines a chirality for our spinor, that is, a two dimensional analogue of 
the well known four-dimensional 75 . Once both conditions are established, this theory 
is described by the massless fermion action, 


Sf = — — f d<j 2 ipdip + ipdif. ( 2 . 100 ) 

2vr J 

In two dimensions the usual Dirac action takes the form given in eq.(2.100), because we 
can decompose as 


d — rr x d x “h ®y^y — 


0 

1 d x + idy 


d x Aly 

0 


and also 



-(1 + a z ) 



+ ^ (1 



( 2 . 101 ) 


( 2 . 102 ) 


In eq.(2.100) as much as eq.(2.102), a x ,a y and a z are the Pauli matrices. Here, <j z plays 
a similar role of 75 . 


From the fermionic action the energy-momentum tensor is obtained as is usual in QFT. 
As in the bosonic case, the fermionic energy-momentum tensor has a holomorphic and 
an anti-holomorphic part. We will use only the holomorphic part, thus we only give 
such an expression. The holomorphic part is given by 

t 4’( z ) = ^V’0)<9V’O), (2.103) 

= \i’(z)d fp(w). (2.104) 


By applying the same technique as in the bosonic action, we mean that the total func¬ 
tional derivative of a path integral vanishes and we obtain 


0 = j V'l/j'D'if ^ [ip(w)e = j Vi/jVipe Sf 


5 if(z) 

thus its propagator is given by 


+ 5 2 (z — w) 
7r 


(2.105) 




1 


z — w 


(2.106) 
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Following the same lines as before (for the bosonic OPE) the operator product expansion 
between the energy momentum operator and the fermionic field is 

1/2 1 

T^(z)ip(w) = - -H- dip(w) + ... (2.107) 

By comparing this last equation and our general OPE expression between the energy- 
momentum T(z) and a primary field eq.(2.70), we become aware that this fermionic 
OPE eq.(2.107) is describing a primary field of conformal weight h = 1/2. 

In the present fermionic case, it is important to point out that on the cylinder we can 
define two kinds of boundary conditions for Majorana-Weyl fermions. They can be either 
periodic or anti-periodic boundary conditions. Under periodic boundary conditions they 
are called the Neveu-Schwarz type (NS), and under anti-periodic ones they are called 
the Rarnond type (R), we explicitly write these conditions on the plane as: 5 

Neveu-Schwarz: ip(e 2m z) = +ip(z), 

Ramond: if(e 2m z) = —'if(z). (2.108) 


2.8 Central Charge and Virasoro algebra 


An important topic to observe in CFT is with regard to the OPE between two energy- 
momentum tensors. The first question that we could ask is if this operator is a primary 
field. To answer this question we analyse its OPE and compare with eq.(2.70), which is 
our general OPE expression for a primary field. Hence, by dimensional and analyticity 
reasons this OPE is described as 

T(z)T(w) = C / 2 + - —-— r^T(w) -\ --— d w T(w) + ... (2.109) 

(z — wp (z — w) z z — w 

Because the first term ( c/2)/(z — w ) 4 is present there, we realize that T(Z ) is not 
a primary field. However, this OPE is still an important result, because from this 
expression is possible to derive an equivalent representation which is called the Virasoro 
algebra. 


In order to arrive at this important result, we recall the general expression of an OPE 
for a primary field <p, 


T(z)tp(w,w) = - — yip(w,w) + - — 1 — ^d w <p(w,w) 
(z — wp (z — w) 


( 2 . 110 ) 


5 We realize that a periodic fermion on the cylinder becomes an anti-periodic fermion on the plane 
and vice versa [4]. 
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where we do not care about non-singular terms. We also recall that by taking into 
account the Laurent expansion of T(z), where L n ’s are the operational modes. When 
these operator modes act on p, we obtain the next contour integral, 

L m ip(w) = j> - w) m+1 T{z)<p(w). (2-111) 

Now, we want to build a commutator relating two of these operator modes. To get this 
commutator relation we compute the action of L n L m and L m L n on a primary field <p. 
Explicitly, we have the next double contour integrals, 

L n L m p(w ) = l p l p(z 2 - w) n+1 ( zi - wr +1 T(z 2 )T( Zl )p(w), (2.112) 

Jc 2 2m Jc 1 2 vrz 

L m L n p{w)=l pi p(z 2 -wr +1 (z 2 -w) n+1 T(z 1 )T(z 2 Mw). (2.113) 

Jc 1 2m Jc 2 27Tl 


Subtracting these equations in order to build the commutator 


Tnj T r 


we have 



Lri 


p(w) 


/ ^i {zl ~ Wr+1 f ^2-wr +1 T(z 2 )T( Zl Mw), (2.114) 

J Cw JCz-t 


where the contour integrals are graphically explained in Fig. (2.3). 



Figure 2.3: Contours involved in eq.(2.114). 


After computing this contour integrals, we find the so-called Virasoro algebra. Thus, 
this algebra is defined by the commutator 



(n m)L n+m + ^^n(n l)^'n+m,o- 


(2.115) 


2.9 In and Out states 

We can recall that the complex coordinates, which are a natural way to describe the 
infinite conformal algebra arising in d = 2, was made up by using the coordinates and 
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£ 2 - Explicitly, we have for the holomorphic (anti-holomorphic) coordinate z = £1 + i £2 
(z = £1 —i^)- We will see in the next chapter that Liouville theory arises in the context of 
string theory. When we take into account Liouville contributions such a theory is called 
non-critical string theory. Therefore, it is natural to ask ourselves how this complex 
coordinates arise in the string theory context. 

In String Theory instead of a world line, which could be parametrized by a proper-time 
r, we describe the theory on the world sheet. Thus, it is parametrized by to coordinates, 
say r and a. For our purposes, we take into account the closed string. In this context, 
those parameters have the ranges r E M and 0 < a < 2n. For instance if we consider 
only a section of M, these parameters are describing a cylinder. Nonetheless, if we want 
to describe this theory in a complex plane C, it is necessary to map the cylinder to the 
plane. This is performed by the holomorphic transformation 

z = e T+ia (2.116) 

where the anti-holomorphic coordinate is z = e r ~ ia . From eq.(2.116) it is easy to see 
that we can identify the origin and the infinity of the complex plane as 

z = 0, as r —> — 00 , (2.117) 

z = 00 , as r —> 00 . (2.118) 

Additionally, from Chapter 2 we learned that if the point z = 0 is well defined, the L n 
operators are constrained to n > —1. Combining the last statement and eq.(2.117), it 
is possible to define the in-vacuum state |0) in a CFT (which correspond to r —> — 00 ) 
to be invariant under the global conformal group. Such a vacuum state vanishes when 
L n acts on it, thus we have 


L n |0)=0, as n > —1. (2.119) 

In the same way, we can obtain the so called in-states. These states are determined by 
the limit 

pin)= lim 0(z,Z)|O>, (2.120) 

z,z—>0 

where, as we mentioned before, they are defined at the past infinite r —> — 00 . In CFT 
we also define other states, these ones are called onf-states. To define such states, we 
first start by using eq.(2.119) and get 

(0|L_ n = 0, n > —1. (2.121) 


Therefore, in a similar way as we defined in-states, it is defined the out-states. Before 
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performing this, we make the next change of variables z — > w = 1 f z. We recall that such 
a transformation was made in Chapter 2, to define correctly the L n operators at infinity 
on the Riemann sphere. Thus, as z —> oo we have w 0, and a similar expression for 
the anti-holomorphic coordinate. Now, we are prepared to give the expression for the 
out states, 

<0 ou t|= lim (0\O(w,w), (2.122) 

w,w —^0 

where, in contrast to in-states, eq.(2.122) is determined at r —> oo. Considering the 
operators which give rise to the in- and out-states as primaries of conformal dimensions 
h and h, they have a well defined transformation rule. By using this transformation for 
primaries and the mappings > w = 1/z, z —> w = 1/z, we obtain 


Q(w,w) = 0(l/w,l/w)(-w~ 2 ) h (-w- 2 ) h . (2.123) 

From this equation, it is easy to see that the out-states could also be defined as 

(0 out |= lim <0| 0(z,z)z 2h z 2 *. (2.124) 

z,z—>oo 

From eq.(2.123) it is natural to define the adjoint state | ... }i by: 

lO(z,z)] f = 0(l/z,l/z)^^ (2.125) 

This is a natural definition indeed, by using eqs.(2.123), (2.124) and (2.125), we have 
(Ooutl = lim 0(w,w) = ( 0 |C?(l/ 2 , \/z)^a^-=, (2.126) 

= lim (0| [0{z,zy? = \ lim 0(z,z)|O>l = \0){ v (2.127) 

z,z—>0 z,z—>0 


Therefore, we obtain the usual expression (0 ou t| = |C?)j n . 

2.9.1 Positive norm of primary states in CFT 

In the same way that we defined primary operators, we are now able to define the so 
called primary states. They are defined similarly as we did for the in- and out-states 

I h,h)= lim ip hJl ( z ,z)\0), 

z,z—W ’ 


(2.128) 
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where T h h is a primary field. Once we define these states, we use eq.(2.70) to compute 
the commutator 



<Ph,h( z ’ z ) 


/ ^i W " + ' nw) ^ 5 (3 ' ?) 
( Z " +1 ^ + (" + 


(2.129) 

(2.130) 


After applying the vacuum state 10), we compute 
n > 0 the limit in eq.(2.128) vanishes 




|0) and realize that for 


{LnTh,h Th,h^ n ) | 0 ) 

L n lim ip, t-|0) - 0 

z,z- 5.0 

L n | h , /l) 

For n = 0 we obtain 

L 0 |h,h) 

L 0 |h,h) 


(2.131) 


h\h,h), (2.132) 

h|h,h). (2.133) 


( ^ +1 | + (»+ 1 ) ^'*)%,l| 0 ) 

lim (z 

2 , 2 — >-0 

0 . 


These equations define what is called highest-weight states. In addition, by using 
eq.(2.115) and our definition of primary states, it is easy to see that the central charge c 
and the conformal dimension should be both larger than zero, in order to define a pos¬ 
itive norm in the Hilbert space of CFT. By applying the Virasoro algebra on primary 
states | h), we get 

{h\L)_ n L_ n \h) = ( 2 nh + ^n(n 2 - 1)^ {h\h) > 0 (2.134) 


and finally, this result implies c > 0 and h > 0. 







Chapter 3 


Liouville Theory 


3.1 Introduction 

Liouville theory or Liouville Quantum Gravity emerges as a 2D toy model which tries 
to understand and answer some technical and conceptual problems about the difficult 
issue of the quantization of gravity. 

The present chapter analyses some basic aspects about the 2D Classical and Quantum 
Liouville Theory. We explicitly use some results taken from Chapter 2. 


3.2 The beginning of the Liouville Theory 


Liouville theory initially arose at the end of nineteenth century into Poincare’s works [1]. 
Liouville theory was extensively studied because of its connection with the uniformiza- 
tion problem of Riemann surfaces. In this section we make and outline this mathematical 
point of view. First of all, let us define a Riemannian manifold 12 X with a local chart 
( U a , z a ) 3 and a local metric associated to U a , 


ds 1 2 3 = e lfa dZa- 


(3.1) 


1 A manifold is a topological space that remind us an Euclidean space in the neighbourhood of each 
point as it is shown in Fig. 3.1. 

2 A Riemannian manifold or (smooth) Riemannian space (A/, g ) is a real smooth manifold M equipped 
with an inner product g p on the tangent space T P M at each point p that varies smoothly from point to 
point in the sense that if X and Y are vector fields on M, then p i-> g p (X(p), Y(p)) is a smooth function. 

3 Combination of open subsets U a on X and the coordinates z a associate to each patch is called a 
local chart. 
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Figure 3.1: For an ant walking around a neighbourhood of a point on a manifold, it 

looks like a plane. 


This metric is sometimes called a hyperbolic metric. It has a constant negative curvature 
R = — 1, that is, 

R = -2 e~ Va dd<p = -1. (3.2) 

From this last expression we can find the following differential equation by taking into 
account the latter equality, 

ddtpa = (3.3) 

This is the well known Liouville equation and the origin of the name “Liouville” for 

the present theory. On the other hand, let us denote by D either the Riemann sphere 

P 1 = CU{oo}, the complex plane C, or the upper half plane H = {u; G C|Imw; > 0}. The 
uniformization theorem states that every Riemann surface £ is conformally equivalent to 
the quotient D/T with T a freely acting discontinuous group of fractional transformations 
preserving D. 


Let us consider the case of Riemann surfaces with universal covering H and denote by 
r the complex analytic covering t : H —> £. In this case T (the automorphism group of 
r ) is a finitely generated group 4 T C PSL( 2,M) = SL{2 ,M)/Z2 5 acting on H by linear 
fractional transformations as defined in Chapter 2. 


Following [11], we can express e^ a as 


MOT 

(Imr -1 ) 2 

4 Called the Fuchsian group. 

5 Remember that we will extend SL( 2,R) to SL( 2,C). 


(3.4) 
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Therefore, it is evident that from the inverse map r 1 we can find ip a . Conversely to 
find t _1 in terms of tp a , we use the Schwarzian equation 


{r 1 ,z a } = T Za 


(3.5) 


where { , } is the Schwarzian derivative 6 and T Za is identified as the energy-momentum 
tensor and explicitly it takes the form 


dVo, _ l ( d<p a 2 
dz% 2 dz a 


(3.6) 


The linearised version of eq.(3.5) is the so called uniformization equation [11] 


d 2 u a 

dz 2 


2 '^' z a U CL — 6 - 


(3.7) 


with the property that its two independent solutions and define the inverse map 
t _1 in the way 


r 


-i 


a 

,1 ’ 


(3.8) 


As a result, solutions of eq.(3.7) also define 4>. On the other hand, from eqs.(3.3) and 
(3.6), it is easy to see that dT Za = 0. Indeed, 

dT Za = d(dd(p a ) + ^d(d<p a ) 2 

= d(\e^) - (dv a )^) 

= 0 . 


In this way T Za does not depend on z a . In other words, T Za is a holomorphic function. 

Let us define now an n-punctured sphere. An n-punctured sphere is defined as the 
manifold X = P : \ { 21 , 22 ,..., z n }, where {zi, 22 ,..., z n } are removed points. 

For the very special cases n = 1,2, we have: 


1 . P 1 \{ 2 } for n = 1. 

2 . P 1 \{ 2 i, 22 } for n = 2. 


The first case is homeomorphic to C and the other to C* = C — {0}. However, no case 
carries us to a hyperbolic metric. Thus, the first non-trivial case appears as n = 3. 







Chapter 3. Liouville Theory 


35 


The Riemann sphere with three punctures P x \ {zi, Z 2 , 23 } is homeomorphic to C—{0,1}. 
Furthermore, it is a non-compact Riemann surface whose total area is finite. We are 
interested in this particular case. 

For n > 3, we would have a Riemann sphere with n - punctures P 1 \ 2 i,..., z n . Addi¬ 
tionally, such a set of points is homeomorphic to C — {zi,Z 2 , • • •, ~z n - 1 }- Hence, we are 
now interested in studying how the hyperbolic metric eq.(3.1) behaves over the Riemann 
sphere with n - punctures. 

On the Riemann sphere, which has a constant positive curvature R = +1, the points 
removed are placed at the infinity. Hence, it is necessary to insert infinity positive 
curvature metrics at the punctured points, in order to balance the negative curvature 
of the hyperbolic geometry described by ds 2 = e Va dz a dz a . This process is illustrated in 
Fig. 3.2. 



Figure 3.2: A Riemann sphere with insertions of infinite positive curvature metrics, 

at its punctured points. 

Near these insertions, the metric density given by the conformal factor in eq.(3.1) has 
an asymptotic behaviour given by 


=>¥>(*,2) 


1 


I |2 1 2 I 

I Z — Zi log \z — z. 


-, as z —> Zi. 


(3.9) 


Moreover, as 2 —> Zoo ‘ this metric density has a similar form, 


1 


z \ 2 log 2 \z\ 


(3.10) 


7 Zoo is representing the point at the infinity. 
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All these results will be reinterpreted in the framework of two dimensional Classical and 
Quantum Liouville theory [7] [12] [43] [28] [13] [17] [20] [21], There, ip is reinterpreted as a 
scalar field 8 9 10 living on a Riemann surface, along with a local metric tensor g^ v . 


3.3 Classical Liouville Theory 


Let us start by equipping a two dimensional surface X with a metric g^ v . As such, 
Liouville theory is defined as the theory of metrics g on X. The Liouville field ip, also 
called the Liouville mode, is defined as the exponent of the conformal factor. Another 
way to contemplate that conformal factor is as a link between the metrics g /w and ’g fiu 
9 . Thus, they are related by the familiar expression: 



Physical metric 


Conformal factor 



Reference metric 


(3.11) 


Following the notation given in [13] [28], the Classical Liouville action is given by 

Sl[t, 9] = d 2 z Vff dn<pd v ip + Rip + Ae^ (3.12) 

The Euler-Lagrange equation leads to the next equation of motion 


A d ip + R + Ae v = 0, (3.13) 

where A g is the Beltrami-Laplace operator associated to g 10 . From eq.(3.11) we have 
the next useful and crucial result 


VaR = Vd (R + AgV?) , (3.14) 

where R = Rt g i and R = Rra are the scalars of curvature for the physical and the 
reference metric respectively. In addition, from eqs.(3.13) and (3.14), it is easy to see 
that the scalar of curvature of the physical metric is given by 


R(a) = -A. (3.15) 

8 Properly p> is not an scalar field, due to its anomalous transformation law, under a change of 
coordinates. For instance, if z —> w(z ), we have p(z) —> p(w) + 2ln\dw/dz\. 

9 Sometimes g is called physical metric and <L„ as reference metric or fiducial metric. 

10 a s =-- 

V9 
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Thus, this classical configuration describes a two dimensional surface £ with constant 
curvature equal to —A. If we fix A = 1, we obtain the curvature described at the 
beginning of this section. 

As in the last section, we have taken the line element as ds 2 = e^dzdz 11 . Hence, 
the reference metric is taken as an Euclidean two dimensional flat metric expressed in 
complex coordinates ( z,z ). Following this reasoning we fix the reference metric 'g as 

l 0 V 2> \ 

9iw = (3.16) 

W 2 0 J 

and the reference line element is given by 

ds 2 = dzdz. (3-17) 

Using these coordinates the Laplace-Beltrami operator is reduced to = —Add, and 
we have R = 0. Replacing these results into eq.(3.13), we obtain the second order 
differential equation 

Addp = Ae <p . (3.18) 

By comparing eqs.(3.3) and (3.18), we recognize this last expression as the Liouville 
equation again. Its solutions can be written in terms of the solutions of the associated 
differential equation mentioned in the first section. Such an equation is rewritten as 

4 d 2 z TJ(z) + T(z)U(z) = 0, (3.19) 


where T(z) is the holomorphic part of energy-momentum tensor associated to the Li¬ 
ouville action eq.(3.12). If U\(z) and U 2 (z) are two linearly independent solutions of 
eq.(3.19), from the theory of differential equations their Wronskian, denoted by Wi^, is 
a constant 


Wl, 2 


Ui(z) 
d z U i (z) 


U 2 (z) 
d z U 2 (z ) 


= constant. 


(3.20) 


Moreover, by a suitable choice of the basis in the space of solutions we can choose this 
constant as unit. In addition, let us define U( 2 ) and U(z) as: 


U(z) = ( U t ^\) = (U, (z), U 2 (z)f , and U(z) = {U 1 (z), U 2 (z )) (3.21) 

\U2{Z)J 

11 Here we disappear the sub-index a, because an n > 3 - punctured sphere is always homeomorphic to 
C — { 21 ,..., Zn-i}. Thus, it is possible to cover these manifolds by a single coordinate chart C, except 
at the removed points. 
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Using the Wrosnkians Wi 2 = 1 and Wi 2 = 1 we can build a combination of U (z) and 
U(z) which satisfies the Liouville differential eq.(3.18). Such a combination also uses an 
Hermitian matrix A which has determinant —A. We have 


<p(z, z ) = —2 log (U(z)AU(^)) + log 8 (3.22) 

From the latter equation, we realize that it solves the Liouville equation (3.18). Because 
if we replace eq.(3.22) into eq.(3.18), we obtain 


Addip 


4<9<9(—2 log (U(z)AU(z)) +log8) 

-s aWAA 

UAU 

o (d(UA)dU)(UAU) - (d(UA)U)(UdU) 
(UAU) 2 ' 


(3.23) 

(3.24) 

(3.25) 


In the latter expression, the numerator is reduced to the product of the Wrosnkian Wi,2 
and the relation 


U 1 dU 2 - U 2 dU 1 = det(A) = -A. 


Combining these results we obtain 

4 dd(p 


8 {UAU) 2 
Ae*. 


(3.26) 


(3.27) 

(3.28) 


The matrix A could assume a convenient form depending on if we are working with a 
positive or negative curvature. For instance, the most useful forms are [17] 


Positive curvature (A < 0) 
Negative curvature (A > 0) 




A = VI 


1 


I) 

0 N 


(3.29) 

(3.30) 


Some elementary solutions of Liouville equation with positive curvature eq.(3.29) are 
described below. 
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3.3.0.1 Sphere 


This is the simplest classical solution. In this case the functions U\(z) and U 2 (z) are 


Ui(z) = 1 
U 2 (z) = z 


(3.31) 


From eq.(3.22), we have 


_g 

<p(z, z) = -2 log( 1 + zz) + log ( — 


(3.32) 


where A < 0, for positive curvature. This solution has a corresponding metric given by 

—8 dz dz 


e^ z ^dzdz = 


A (1 + zz) 2 ' 

The latter metric describes a sphere of constant area — 8ir/A. 


(3.33) 


3.3.0.2 Pseudosphere 


This solution is also called Poincare disk. It is the elementary solution for negative 
curvature eq.(3.30) (A > 0). In this case we also use U\(z) and U 2 (z) given by eq.(3.31). 
However, instead of eq.(3.29) we will use eq.(3.30), and we obtain 


V(z,z) 


-21og(l 


zz) +log 



(3.34) 


In contrast to eq.(3.33), the metric for the pseudosphere is given by 


e^ z ’ z) dzdz 


8 dz dz 
A (1 — zz) 2 ' 


(3.35) 


So far, we revised some basic features about classical Liouville theory. Starting from 
the next section, we will see how quantum Liouville theory possesses an anomalous term 
called the central charge and later on derive the Liouville action from string theory. 
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3.3.0.3 Liouville theory and the Virasoro algebra 


The energy-momentum tensor associated to eq.(3.12) can be split into three parts as 


T zz 

d 2 ip 1 dip 2 
dz 2 2 dz ’ 

(3.36) 

T zz 

d 2 ip 1 dtp 2 
dz 2 2 &z ’ 

(3.37) 

T zz 

= T zz = 0. 

(3.38) 


In order to get eq.(3.38) we have used the equation of motion explicitly. 

On the other hand, to maintain our conformal transformation e 'P( z ) dz ' 2 = e^^dw 2 , we 
have to impose an unusual transformation law for the Liouville field tp, under an arbitrary 
analytic transformation z —> f(z ), 


ip(z) —> ip(f) = <p{z) - 2 In 


df 

dz 


(3.39) 


As pointed out by Ginsparg and Moore [28], this linear shift in <p under a conformal 
transformation allows its interpretation as a Goldstone boson for broken Weyl invariance. 


Using eq.(3.36) and d z tp(z) —> d z ip(z) = ^d f ip(f) 
momentum tensor transforms as 


f 1 In 

dz 7 


9/ 

dz ’ 


we get that the energy- 



Tff + ^S\f-z], 


(3.40) 


where S[f',z] is a new notation for the already known Schwarzian derivative, and c is 
the central charge. At the beginning of this chapter we just gave an expression for this 
derivative, but here we can derive that expression for the Schwarzian derivative 




1 

~2 

r 

r 


In 

df 

to 

f 

R- 

1 to 

5" 

df 


dz 

J ’ dz 2 

dz 


(3.41) 

(3.42) 


The central charge c arises because the anomalous transformation for the energy-momentum 
tensor eq.(3.40). Therefore, using the decomposition of the energy-momentum tensor in 
term of generators L n , 



dz 

‘lisi 


c z-z 0 ) n+1 T zz 


(3.43) 
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and its anti-holomorphic counterpart, we find that they satisfy the Virasoro algebra, 






-^2 n ( n l)^n+m,0> 

(3.44) 


(3.45) 


We already saw this algebra at the end of the Chapter 2. The anomalous term called 
central charge which disappears in the global conformal group (for n = —1,0,1) arose 
from the anomalous tranformation of the energy-momentum tensor. As also pointed 
out in Chapter 2, the central charge c of a conformal theory depends on the particular 
lagrangian used. As we progress, we will discover what its value in Liouville theory. 


In the next section, we will investigate how Liouville theory appears in the context of 
string theory from the Polyakov action. 


3.4 Non-critical string theory: From Polyakov to Liouville 
action 

The well known principle of general covariance allows us to establish that any quantum 
field theory may be coupled to gravity. The result is an action of the form S[g,X]. The 
fields X ,J ' are called “matter fields”, and as usual g a p denotes the world-sheet metric. 

At classical level, S [<7, X\ coupled to gravity in two dimensions is always a conformal 
field theory, because the Liouville equation of motion implies that T ^ = 0. In complex 
coordinates this condition becomes T zz = 0. However, at quantum level we study 
correlation functions computed by using the path integral formalism. Thus, we are 
interested in expressions of the kind 

<0! • • • On) = 4 / V ^^e- k !' n -i jA - s ^O l ... O n . (3.46) 

£ J PDiff 

In this expression we have labelled by Oi the covariant operators and Vbiff represents the 
volume of the orbit of the diffeomorphism group. By using the usual conformal gauge, 
defined as g a p = e^5 a p, Polyakov [12] showed that the initial matter-gravity theory 
could be expressed as a tensor product of the Liouville theory and the matter theory 
^Matter- Note that in order to use the conformal gauge, it is assumed that the original 
matter theory is also conformally invariant. Otherwise the resulting theory could not 
be a simple tensor product [28]. 
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Recalling that the Polyakov action is 


Sb = ^ [ rfSVgg^daXVdpX, 




(3.47) 


where we fix the Regge slope a' to be one. Additionally, we adopt the convention that the 
first Greek letters a,/3,... denote world-sheet coordinates and the middle ones n, v,... 
space-time coordinates. Therefore, we will consider the Euclidean partition function 12 


Z = 


f V 9 VX r -S B \g,X\-^ [d\ s /g 


^Diff 


(3.48) 


Before we continue with the treatment of the latter partition function, it is important 
to point out some things about the measures VX and Vg. First, the measure VX of 
matter fields is determined by 


j Vg5Xe-^ sx ^ = 1. 


(3.49) 


In this equation we are denoting by | |<5X|| g to the norm of X fields. This norm is defined 
aS \\5X\\ 2 g = Jd 2 ^(5X) 2 . 

Such a measure remains invariant under the action of diffeomorphic transformations. 
However, the same measure is not more invariant under conformal transformations be¬ 
cause the exponential conformal factor spoils the linear behaviour of T> g X. Fortunately, 
as pointed out by Y. Nakayama [43], the non-trivial measure transformation under 
conformal mappings is obtained by using some algebraic techniques developed by T. 
Fujikawa et. al [14]. Following their results, we use such a measure transformation 


V g X = e^ SL ^ ] VgX 


(3.50) 


where Sl is the Liouville action 13 and cm is the central charge of the matter sector. 
On the other hand, the metric measure T>g is defined by: 


1 = JVg6ge-s « 

INI 2 g = f d 2 ^(g^gP x +Cg a Pg^)5g aP 6g lX 


(3.51) 

(3.52) 


A variation on the metric, say 5g(x), has two contributions. The first is due to dif- 
feomorphisms, and the second to Weyl invariance. Under an infinitesimal changes of 
coordinates x a —>• x a + e“, reparametrization invariance gives rise to the metric varia¬ 
tion 5g a p{x) = V a £p(x) + V ge a (x). In addition, local Weyl invariance contributes with 
a variation of the metric tensor which is proportional to the local metric g a g and the 

12 We arrive to this partition function after a Wick rotation. 

13 Note that we change a —> cp. 
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variation of Liouville mode, this is Sg a p = g a p5<f). If both symmetries are present, the 
total metric variation is 


$g a p = g a pH + v Q eg(x) + Vp£ a (x). 


(3.53) 


We need to point out that in the definition of T>g, it was divided by the volume of the 
space of diffeomorphisms VoiS- Because the infinitesimal change of coordinates can be 
contemplated as a gauge transformation. Sometimes it is useful to contemplate this 
space as the space of the vector fields e a [x) [17]. 

It is also important to point out that the value C in eq.(3.52) does not affect our results 
[2] [8] [9] [17] [33], 

Eq.(3.53) can be rewritten by adding and subtracting the term g a p V • e, thus we have 


Sg a p = g a p(H + v • e) + (V a £p(x) + Vp£ a (x) - g a/3 V ■ e). (3.54) 


Here, we can redefine the Liouville mode to be Sc/)' = Sc/> + V • e, thus the first term 
is only related to conformal transformations. On the other hand, if we call by £ a p to 
V a e^(x) + V ( ge Q (x) — g a pS7 ■ e, we realize that g al3 £ a /3 = 0. Hence, it is describing a 
space orthogonal to the metric. This fact allows us to rewrite eq.(3.52) as 


l = / d 2 x.fg Vmx )) 2 + £ a s£ ap 


(3.55) 


where V = 2(1 + 2C). Because of the Gaussian form of £ a p£ a P in the metric norm, 
it gives rise to a functional determinant, as is the case for QFT. The only remaining 
dependence is on the Liouville mode (f>. Therefore, it defines a measure T>(/>. In this way, 
we obtain the next contribution from both symmetries, 


det [£] Vc/>. 


(3.56) 


It is customary in QFT to write the functional determinant as a Gaussian functional 
integral over fermionic variables. We follow this procedure and as usual call this Gaussian 
integral as the ghost partition function. It is given by 

det [£} = Z ghost = J VbVc e- 5 sho S tM (3.57) 

The ghost action is 

SghostM = ^J d 2 x \fgb a pW a C P 

where b a p is symmetric and traceless. 


(3.58) 
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As we mentioned in the first part of the present chapter, we deal with a theory defined 
on a sphere. For others topologies we would need to deal with a measure of the moduli 
space / mo d u ii Hence, in the present case we do not deal with moduli. 

In the same way as the matter fields, there is a transformation law of V g bT>gC under the 
conformal transformations g —> e^g. Such a transformation is given by 

VgbV g c = e~^ SL[4l] VgbVgC. (3.59) 

From now on we write V{gh) = V g bV g c for the ghost measure. 

A non-trivial task is about the measure T>(j). From eq.(3.55), and after integrating the 
Gaussian part, we can define the norm for the Liouville mode, 

\M\ 2 g = vJ d 2 x^{5ct>f. (3.60) 

Due to Weyl invariance in the total partition function, we observe that this norm gives 
rise to a non-linear measure. Explicitly, we have, under a conformal transformation 
9 -t e^g, 

\M\ 2 g = V f d 2 xVde*(50f. (3.61) 

Following the Distler-Kawai hypothesis [42], we change this non-linear measure to a 
linear one by adding some additional terms which are proportional to those already 
present in the action Sl- We will use these additional terms to build our renormalized 
Liouville action in the next section. Hence, this hypothesis allows us to change eq.(3.61) 
to a linear norm, 

m\ 2 g = V I d 2 xVd(50) 2 , (3.62) 

which is obviously invariant under 4>(x) —> (f>{x) + f(x), where f(x) is an arbitrary but 
fixed function. 

Now the total partition function has contributions coming from matter fields X, ghosts 
b a fj. c a and the Liouville mode 0. Therefore, such a partition function is described as 

Z = j VgXVg{gh)Vg(j)e- SB[x ^- s ° h °^ b ’ c ' 9] . (3.63) 

Under the conformal transformation g = e^g, and using eqs.(3.50), (3.59) we get the 
next transformation for the total measure: 
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V g XV g (gh)V g (t) = ^ (3.64) 

Thinking of a future renormalized theory, we introduce two local terms with dimensional 
coupling constants A and T. They make up the action S'gravlg] which depends on the 
metric g only. In fact, this action could have many other local terms, which could 
be powers of the scalar of curvature R. However, these terms have some problems in 
defining the theory [17]. Therefore, we only take into account the first two terms 

Sgravb] = A J d 2 x yjg + T y d 2 x^gR(x) (3.65) 

where the first term is identified as the cosmological term. By appealing to the Gauss- 
Bonnet theorem we find that the second term is a topological invariant term, thus for 
the sphere this term does not contribute. 

After this analysis the final form of the total partition function is 

VgXVg{gh) e - S B[ x ,9\-Sgh os t[b,c,g ] J e C \ n 2b f d 2 xy/l}[±g a Pd a <t>dp<t>+R<i>+ Ae^J 

'- - -' 

Liouville Partition function 

(3.66) 

This is the way Liouville theory arises in the context of non-critical string theory cm ^ 
26. Liouville partition function is given by the last term in eq.(3.66). 



3.5 Quantum Liouville Theory 


In this section we analyse the quantum aspects of Liouville theory. Quantum Liouville 
Theory was extensively studied because its connection to non-critical String Theories [2] 
[12] [13] [15] [17] [18]. As we stated in the previous section, Quantum Liouville Theory 
is also viewed as the quantum theory of the world-sheet. Here we follow the notation 
given in [15] [23]. 

To start, let us recall our Liouville action obtained from eq.(3.66), 


Sl 


26 — cm 
487r 




d a (j)dp4> + R4> + Ae* 


(3.67) 


As already mentioned, the Distler-Kawai hypothesis states that we can get a linear 
measure D0 by adding additional terms of the type presented in eq.(3.67). Thus, the 
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renormalized Liouville action is given by 


SlW\ 


1 

8v 


d 2 x 


+ qRcj) + A 


(3.68) 


We change our notation to the one commonly used in general literature. First, we 
rewrite the field cj) as 2 bcj) and define the constants Q = q/b and g = A/(87r& 2 ). With 
these definitions the Liouville action becomes 


S L 


f cPxy/cj g 01 ^ d a (j)dp(j) + QR(j) + Airge 2 ^ 


(3.69) 


Here, the conformal factor relating the reference metric and the physical metric is e 2b< ^. 
Therefore, the usual expression relating to conformal metrics is given by 


9 ah — ® ^ 9 a ft- 


(3.70) 


The reference metric g is just an auxiliary one. In other words, it can be chosen at 
will. As pointed out by A. and Al. Zamolodchikov [17], the physical results should not 
depend on what choice we make. Such a statement is called background independence. 

Using the background independence we derive a relation between the parameters Q and 
b defined above. To get that relation we start redefining the reference metric g. This 
is made by using a conformal transformation. In this case our conformal factor has the 
same form as in eq.(3.70), but the function cr = 2 b<f> changes. We label the new exponent 
of the conformal factor as d. Thus, we define 


9aft — 6 9a ft- 


(3.71) 


It is useful to analyse this problem in two parts. First, we treat the case g = 0. Addi¬ 
tionally, we take into account the well known relation between the scalars of curvature 
VgR = yfg{R-&\g\ a). By replacing this curvature relation and eq.(3.71) into eq.(3.69), 
we obtain 


SL[e a g,4>]\fi=o = f d 2 t'/g 


g <ifi da<j)d84> + QR4>- Q- (rg + ^g a6 d a adga 


(3.72) 

where <f> = (j>+ (Q/2) a. Due to the Distler-Kawai hypothesis, the measure associated to 
<f> is invariant under this shift, T>(j) = T>(j). In the derivation of eq.(3.66) we saw that under 
a conformal transformation in the integrand of the partition function there appeared an 
exponential term whose power is proportional to Liouville action. We apply the same 
argument here, but now with the conformal transformation 'gag = e a g a p- Thus, under 
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conformal transformations this measure transforms as 


V d <j> = e 4 hI d2x V~9[hg aP d a ^a+Ra] ( 3 .73) 


Combining eqs.(3.66), (3.72) and (3.73) we get, 


exp 


cm — 26 + 14- 6 Q 2 
48ir 


d 2 xy/g 


T^g^dacrdpcr + Ra 


(3.74) 


The requirement of background independence is satisfied if cm — 26 + 1 + 6 Q 2 = 0. This 
leads us to the relation 

Q 2 = 25 ~ CM - (3.75) 

6 

Now, we return to /i / 0. In this case, we need to take into account the term 
h f \Zge 2b( ^d 2 x. Under a conformal transformation g(x ) — > g(x) there are three different 
sources which contribute to this term. The first comes from 


Vd = e a \fg. 

Our second source is due to the shift <f> —> <f> + (Q/2)a. We have: 

g26 <t> _ 


(3.76) 


(3.77) 


Finally, due to the Distler-Kawai hypothesis, we know that all terms have to be renor¬ 
malized, as in eq.(3.68), by adding a proportional term to the ones already present 
there. In this way, the exponential part of the action has an additional dependence on 
the background metric 


- e 2H 

= e b2a 

- e 2H 

- 

9 

- 


From eqs.(3.76), (3.77) and (3.78), we obtain for the exponential term 


(3.78) 


/U J d 2 xe^- bQ+b 2 )(J e 2blp . 


(3.79) 


In order to maintain this term invariant, we obtain the famous relation between Q and 

b, 

Q = b+^. (3.80) 


We may also say that Q and b are related in this way to ensure background independence. 
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3.5.1 Liouville energy-momentum tensor 


The energy momentum tensor in Liouville theory is defined as usual by 

47 t SSl 


T — — 

fiu — 


y/9$9‘ 


His 


(3.81) 


In order to find the expression for the energy-momentum tensor in Liouville theory, we 
separate this action in three parts and use eq.(3.81) to calculate this tensor. 


From eq.(3.69), we have 


where 


S L = S 1 + S 2 + S 3 


(3.82) 


Si = 

J d 2x \/Jj g a,e d a (pdi3<p 

(3.83) 

S 2 = 

| 

(3.84) 

S 3 = 

H J d 2 Xy/ge 2b ‘ t ’. 

(3.85) 


We will consider each contribution to the energy-momentum tensor separately. 


3.5.1.1 The free Field Si 

It is easy to see that this is a free field action for <j). We use the fact that the path 
integral of a functional derivative vanishes, leading to the standard result: 

(4>(x)4>(x')) = — ^ log |x — x'\ 2 . (3.86) 

It is possible also to express this relation in complex coordinates, 

((j>(z)<j)(w)) = -^log|z - w\. (3.87) 

where z = x\ + ix 2 , z = x 1 + ix 2 and vj = x\ + ixi 2 , w = x\+ ix 2 ■ We will use this result 
later. 

We recall the well known variation of the metric tensor, 


$g = gg a ^g a p, 

or, by using g ai g 1/ 3 = 5%, we obtain 5g = -gg^dg^. 


(3.88) 




Chapter 3. Liouville Theory 


49 


Combining eqs.(3.81), (3.83) and (3.88), it is easy to obtain 

T a p = \s a p{dcj)) 2 - d a (j)dp(j). 


(3.89) 


3.5.1.2 The curvature term S 2 

In a naive derivation of Liouville energy-momentum tensor, we could chose the flat 
conformal gauge first, and later to compute T a p. However, if we proceed in this way, 
we will lose a contribution from the curvature term <f>8R. To see this, we need some 
identities from Differential Geometry. 

The Christoffel symbols and the Riemann curvature tensor, using the Levi-Civita con¬ 
nexion, are given by 

Kx = t,./' 7 (<%.9 7 A + d\ g lv - d v x) , (3.90) 

Kpu = - d,J% + T^r^ - (3.91) 

In addition, the Ricci tensor is defined as R^ av - Other useful identities involving T"^ 
are 

T a\ = (log y/g), (3.92) 

g af} Kp = -^Ma^Va)- (3-93) 

The next step is to analyse the variation of R. Due to R = g a ^R a p, we have 5R = 
5g a P R + g a ^5R a p- Nonetheless, because the first term of 5R involves derivative of g , 
they will vanish after taking the flat limit case. Hence, we only consider the second 
term, 5R = g a ^5R a p. Now, we recall that R a p = thus we have from eq.(3.91) for 

the Ricci tensor, 

g aP R a p = 9 aP d»Kp - 3 af) d a Y^ + T^r^ - (3.94) 

We need to keep in mind that at the end of this calculation we use the conformal flat 
gauge. We have to be aware that we are using a normal coordinate system. Because of 
this normal coordinate system, the last two terms in eq.(3.94) disappear. Taking this 
reasoning into account and using eqs.(3.92), (3.93), the last equation is reduced to 

g af> 6Raf} = dx{g aP 5T x ap - g^T^). 


(3.95) 
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Hence, we are able to compute this curvature contribution to the energy-momentum 


tensor, 

5S 1 = ^ f d 2 Xy/g <fi 5R (3.96) 

= (3-97) 

= £ f d 2 x^~g (d x <j>) 5 (-^0?^) + g Xa d Q ( In V?)) (3.98) 

= ^ J d 2 x*Jg(d\d 1 (j))8g Xl + 0(dg). (3.99) 

Finally, the flat conformal gauge causes 0(dg) -» 0, we get 

T a p = Qda4>dp4>. (3.100) 


3.5.1.3 The exponential term S 3 

In order for Liouville action to remain invariant under a conformal transformation, we 
found that the parameters Q and b are related by the expression Q = b + 1/6, as in 
eq.(3.80). This duality between Q and b ensures that the exponential term in S 3 should 
not depend on what choice of field 4> we make. In particular, if we choose i) < 0 the 
exponential contribution e 2b ^ turns off. It means the exponential term S 3 does not 
contribute to the energy-momentum tensor. 

Finally, we are able to combine the contributions from Si, S 2 and S 3 to build the energy- 
momentum tensor. From eqs.(3.89) and (3.100), we have in a general background metric 

9af) 

Tai 3 = 7>d a i3(d(p) 2 - d a (j)dp(j) + Q d a (p dg<p. (3.101) 

Considering the flat metric expressed in complex coordinates which is described in 
eq.(3.16), we have for T zz ,T~z,T~ z and T zz , 


T zz 

- + 0 A 2 

dz 2 ’ 

(3.102) 

T zz 

- +0(^)2 
dz 2 + ^ { dz ] ’ 

(3.103) 

T zz 

= T zz = 0. 

(3.104) 


3.6 The central charge cl 


As we saw in Chapter 2, the central charge is one of the most important objects in CFT 
due to its direct relation with the Virasoro algebra. Here, we are interested in computing 
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the Liouville central charge. This central charge is usually denoted by cl- 


We thus compute the OPE T ZZ T WW . In this order, we use the free field correlator given 
in eq.(3.87) and replace it into eq.(3.102). Thus, we have 


T~~T WW = 


d 2 (j>(z) , r, ( d<t>(z) 2 


dz 2 
+ 3 Q~ 


+ Q(- 


dz 


1 


+ . . . , 


d 2 (t){w) + Q,d(j){w)^ 2 


dw 2 


dw 


(3.105) 

(3.106) 


2 ' ” v J (z-w) A 

where dots mean non-singular terms as usual. By comparing with eq.(2.109), we find 


c L = IT 6 Q 2 


(3.107) 


Based on Polyakov partition function we get a total central charge placed in front of 
Liouville’s contribution equal to cm ~ 26. Hence, this anomalous contribution from the 
central charge could disappear if we take cm = 26. It gives rise to the so called critical 
String Theory. On the other hand, if cm 7 ^ 26 we need to be careful because of the 
contribution of the Liouville action in the Polyakov partition function. However, are we 
doomed to have a non-vanishing central charge? To see this better let us to take into 
account all central charge contributions that come from the matter, ghosts and Liouville 
sector, thus we observe that 


CTot = cm — 26 + cl- (3.108) 

By replacing eqs.(3.75) and (3.107) into (3.108) we obtain that the total central charge 
vanishes. Therefore, we do not have this anomalous term anymore. 


3.7 Liouville primary fields e 2a ^ 


In addition to eq.(3.105), we usually analyse another important OPE, the operator 
product between the energy momentum tensor and the primary fields of the concerned 
theory. 

Are the fields <j> in Liouville theory primaries? To answer this question we need to 
remember that a primary field has a well defined transformation law under an arbitrary 
coordinate transformation, say z —> w. This transformation law was studied in Chapter 
2. Nonetheless, in order to maintain conformal invariance in Liouville action we find 
that the field (j) transforms as 


cj)(w, w) = 4>(z, z)~j In 


dw 


dz 


2 


(3.109) 
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It is easy to see that such a field does not have a suitable behaviour to be a primary 
field. However, due to the logarithmic term in the right hand side of eq.(3.109), we 
consider an exponential expression of <f> which could have a more suitable behaviour. In 
fact, we define Liouville primary fields also called vertex operator as e 2ai< ^( z ’*), where 
* = 1,2,.... From eq.(3.109) we can arrive at the transformation law 


e 2ai(j>(w,w) 


(dwy a ' Q 

\dz) 


{dw\ aiQ 


e 2ai4i(z,z) 


(3.110) 


and thus define our primary fields as such exponential functions. In addition, from 
eq.(3.110) we can infer that the classical holomorphic and anti-holomorphic conformal 
dimensions are given by aQ. From now on, instead h and h, we use the usual notation 
for conformal dimensions A and A [17] [15]. Hence, the last statement means Ad^ = 
A c lass = QC Q ■ 


It is interesting to compare the classical conformal dimensions with its quantum coun¬ 
terpart. We analyse the OPE between T zz with e 2a< t , ( w ') (despite the sub-index i from 
a*), in the same way as we did in Chapter 2. We have, 


rri 2 a(f>{w) _ 
-L ZZ& — 


[ dz } v dz 2 


-(2a) 2 - 


v—' (2a)^ jk, . 


,k=0 


k\ 


+ 


Qa 


2 (z — w) J (z — w) 2 




k=0 


k\ 


_ a (Q 2cufi(w) 

(z — w) 2 


(3.111) 


To arrive from the first to the second line, we have used eq.(3.87). Therefore, in contrast 
to A c iass = olQ analysing eq.(3.111) we get that the quantum conformal dimension is 
given by 

A,; = c H (Q - cti). (3.112) 


In this last expression we come back to label Liouville operators by * = 1, 2,.... 


On the other hand, if we consider the exponential term in Liouville action and apply 
the latter result on the conformal dimension, it is easy to see that we get A;, = b(Q — b ). 
Now, considering that this term is placed into the Liouville action, to be integrated 
correctly with the surface term it must have a conformal dimension A& = 1, because of 
the definition eq.(2.42). Therefore, we have b(Q — b) = 1 and thus it is straightforward 
to obtain the well known relation: 

Q = b + \. 


(3.113) 














Chapter 4 


Liouville three point function 


4.1 Liouville correlation functions 


In Chaper 3 we already pointed out that the structure of Liouville primary operators 
are given by exponential functions. Classically, these operators have the following trans¬ 


formation law 


2 ad) 

e P 


fdw\~ aQ 

\dz) 



—aQ 

e 2a( t>(z,z) _ 


(4.1) 


We denote these operators as V), = _ We fi nc ] that y a j s a conformal operator 

with classical conformal weights A c i ass = A c i ass = aQ. The constant a is called the 
Liouville momentum. Surprisingly, such weights change in the quantum case. In other 
words, conformal weights are modified by the introduction of radial quantization. This 
fact can be seen clearly from the OPE between e 2a< ^ (2 ’ 2) and the energy-momentum 
tensor T zz , as done in Chapter 2. Quantum conformal weights are modified by a factor 
of —a 2 , that is, 


A = A cla ss-a 2 , (4.2) 

A = A dass -a 2 . (4.3) 

Thereby, Liouville quantum conformal weights are given by the expressions 

A = a(Q-a), (4.4) 

A = a(Q — a). (4-5) 


53 


Chapter 4. Liouville three point function 


54 


We now consider correlation functions in Liouville theory by using the path integral 
formulation of QFT. Such correlation functions are defined as [17] [2] 

/ n 

V<f> c e~ Sh JJexp (2ai(j)(zi,Zi)) . (4.6) 

i=1 

We can also write V a (z,z) = e 2a Az,z) [17] and thus obtain 

/ n 

V(j) e~ Sh PJexp (2ai<f)(zi,Zi)) . (4.7) 

i=1 

Following [20], for purposes of calculation it is useful to label eq.(4.7) as 
Additionally, we will rewrite < f> by cf. Hence, eq.(4.6) or eq.(4.7) are rewritten as 


oti ) 


/ N 

n 

\/=i 


,2 «/</>( a , / ) 



e ~S L + 2Ef=i ^ 


(4.8) 


where Sl is given by eq.(3.69). Later on, we will compute this function explicitly for 
N = 3, which means computing the Liouville three-point function. Such a correlator was 
derived independently for the first time by H. Dorn &; H. Otto [25] and A. Zamolodchikov 
&: Al. Zamolodchikov [23], for this reason that expression is also called the DOZZ 
formula. 


4.2 Computing Liouville N - point functions 

4.2.1 Coulomb gas method 

The Coulomb gas method is the usual way to compute correlation functions in Liouville 
theory. Shortly we will explain this method and how it is applied. 

From eq.(3.69), we realize that the basic problem for computing correlation functions 
will be to find a way to deal with the exponential function arising from Weyl invariance 
p,e 2b( ^. Such a term could be contemplated as a kind of exponential potential. The 
Coulomb gas method consists of expanding such an exponential term, which is placed 
within the path integral, as an infinite sum, 

U N = f V<fe-f d2z ^ e2H ... = ^ J Vf) ^ d 2 z^pLe 2b <^j ... = Y U n- 


(4.9) 
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It is therefore possible to extract the familiar expression (—l) s /s!, which is nothing but 
the pole of the Gamma function r(z) at z = —s. Poles are important for two reasons. 
First, the remnant part of the correlator is raised to powers of s, thus s 6 N. Hence 
we must deal with the poles of the Gamma function. The second reason lies in the fact 
that we are dealing with a two dimensional theories which is isomorphic to the complex 
plane, where the residue theorem is a beautiful cornerstone. In fact, it was proposed by 
several authors [17] [23] [25] [20] [43] [45] [46] (we will also adopt this statement) that 
at the end of the computation of the Liouville IV-point function, the following relation 
holds: 


Res( H n) = n%. (4.10) 

s =(Q~T,i ai)/b 

The left hand side is the residue of the entire correlator V.N evaluated at the poles 
s = (Q — J2i a i)/b, while the right hand side is the s th of the expansion of Hn as 
an infinite sum, such a expansion arises because the exponential potential is Taylor 
expanded. 

In contrast to the Coulomb gas method, L. O’Raifeartaigh, M. Pawlowski, and V. Sreed- 
har (OPS) [20] proposed a novel way to perform this computation. Instead of expanding 
the exponential potential as an infinite sum, they used the Sommerfeld-Watson trans¬ 
form [26]. We follow this path to compute the Liouville three point function and call it 
the OPS method. 

4.2.2 The OPS method 

In Chapter 3 we concluded that to maintain conformal invariance on the quantum side of 
Liouville theory, it is required that the holomorphic conformal dimension eq.(4.4) of the 
exponential term in the Liouville action Ssl m ust be equal to 1. In this way a relation 
between Q and b could be derived. Let us recall that expression: 

Q = b + (4-11) 

From this relation it is easy to see that Q is invariant under b —> 1/6. Hence, this 
invariance makes reference to a type of quantum duality within Liouville theory, which 
is not present in the classical regime. Such a duality makes its second appearance in the 
fact that conformal weights are invariant with respect to the transformation 


a 


(Q - «)• 


(4.12) 
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An immediate consequence of this duality is that there are two primaries of the form 


e 2 "^, for each conformal weight A. That is, using eq.(4.4), we obtain 


Q ± \JQ 2 - 4A 


(4.13) 


04,2 = 


as well as another analogous relation for its anti-holomorphic counterpart. 

O’Raifeartaigh et. al [20] used this fact to re-derive the DOZZ formula in a slightly 
different way as compared to the traditional one, which usually uses the Coulomb gas 
method. They argued that the lattice of poles, which appears in the DOZZ formula, has 
a quantum origin in the duality given by eq.(4.13). Such a duality is introduced within 
Liouville theory through the insertion of another exponential potential of the form e 2 ^. 
However, this is not the first time where such an idea is used, in fact there are previous 
works which deal with a double potential theory, we cite [27] for example. 

Following [20], we re-derive the DOZZ formula. In this process we will find some sub¬ 
tleties to be highlighted. 

To begin with, we want to get a compact expression for the N - point function. As 
stated above, we consider not only contributions from the potential pe 2b but also 
contributions from pLe 2 *^ [20] [21]. Therefore, for purposes of calculation, we write these 
potentials as W b and Wi : 


W b = ^ b e 2b t 
W 1/b = /rie 2 ^. 


(4.14) 

(4.15) 


Moreover, in a two dimensional compact 1 Riemann surface it is possible to separate the 
field 4>( x \ as the sum of two pieces </>o and (j>{x) [49]. In this way for the field 4>(x) we 
have: 


&(x) </>0 T • 


(4.16) 


In eq.(4.16), (fo is called the zero mode and the other field (f>t x \ belongs to the Kernel 
of the scalar Laplacian operator V 2 . Hence, cj>Q is understood as a constant field, while 
generates the space of functions orthogonal to the Kernel. This means, 



(4.17) 


1 Recall that this surface was “compacted” with the insertion of infinity positive metrics on its punc¬ 
tured points. 
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On the other hand, from eq.(4.16) we have the following relation between the measures 
of 4>(x),cf>o and <f(x) [21] [43] [49], 


Vf> = Vcj) o 


(4.18) 


where we are also using the fact that all measures in Liouville theory are linear (see 
Chapter 3). 

By taking into account the insertion of the dual potential IV] j b . we have for the Liouville 
action: 


Sl = 4tt ^ ^d a 4’dp(f + QR(t> + ^^ b e 2b<t> + A-Kpi l / b e 2( 'b )cl} 


(4.19) 


Now, we insert eq.(4.16) into eq.(4.19) and obtain 

Sl = j (fxv'ff + QR((fo + 4>( x) ) 

+ 4TT^ b e 2b ^ 0+ ^ + ^p 1/b e 2 ^ 0+,t, ^\ 


(4.20) 


where we dropped the surface term coming from the kinetic part and rewrote the Lapla- 
cian operator V 2 as 

A = -^=d a (y/fg af) dfi)- (4-21) 

V 9 

For simplicity we relabel p\/ b = in eq.(4.20), from now on. Thus, we write for the 
exponential potentials 

U b = J cfxy/fi p b e 2 b< t >( - x '> , and U^ = J d 2 x\f?j ^e 2 h)^(*). (4.22) 


After replacing eq.(4.22) into eq.(4.20) we realize that the following potentials U b e 2b< ^°, 
e 2 (b)</ , ° are now part of the Liouville action. In this way, eq.(4.20) becomes: 


Sl = ^ J d 2 a:;y/f0( x )Ad)( x ) + J d 2 x^QRcj) 0 + J d 2 xyfcj QRcf^ 

+ U b e 2b *° + Ure 2 ^ 0 . 


X ) 


Gauss-Bonnet term 


Coupling to the curvature 


(4.23) 


The Gauss-Bonnet term has this name because when we separate Q and <f>Q out of the 
integrand, we still have a remnant contribution f d 2 x yfgR. Such expression is part 
of the well known mathematical statement called the Gauss-Bonnet Theorem. Such a 
theorem states that the total curvature over a surface X is characterized completely by 
a topological invariant quantity called the Euler characteristic xs • This theorem is 
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explicitly written as: 


d 2 x\/gR = 47r%s- 


(4.24) 


For a space topologically equivalent to a 2-sphere, Xsphere = 2. In consequence, f dPxy/ffR 
only contributes with a constant factor. 


Taking into account eqs.(4.18),(4.22) and (4.24), Hn(xi,&i) becomes 


Vcfr oe - 2 Wo+2E^o f V ^ {x) e -U b e*»*O e -U~ b e^ x 


(4.25) 


exp 


- / 


4 > {x)^- ( t ) {x) + 47r ^(i) 


47T 


+ 2 f • 


As mentioned in subsection 4.2.1, in the context of conformal theories, the so called 
Coulomb gas expansion is usually used to solve this type of path integrals. 

Instead, the OPS method makes use of the Sommerfeld-Watson transform [20] of the 
exponential function, which is expressed in the parameter space s as: 


6 * = 


1 

27T7 


<-*) 


7T 


r(l + is) sinh(7rs) 


(4.26) 


It is worth commenting that in contrast to the Coulomb gas expansion, where singular¬ 
ities are not obvious because they are placed within 14 and Lb, the Sommerfeld-Watson 
transform has manifest singularities in the denominator. 


Additionally, we use the following notation 


©=q - 

i 


(4.27) 


in eq.(4.25). Such a term forms part of the exponential part of 77Ar(x/,a/) associated 
to the zero mode (f> o- That exponential factor is 


= —20</>o 


(4.28) 


The field <j> has a smooth behaviour over the sphere or a topologically equivalent surface, 
except at its punctured points. The field </> near such points have the following expression 
[17] [23] [25] [18] [43] 

4>i(z,z) =-2Q log \z - Zi\, (4.29) 

where z t are the punctured points. These points produce an important restriction relat¬ 
ing 0 and aj. In order to see it let us replace eq.(4.29) into eq.(4.28), we have 

e- 29 ^ = \ Z - Zi \ 4Qe . 


(4.30) 
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The expression above shows how the field (j) l behaves near the punctures. In particular, 
we compute eq.(4.30) for the zero mode <f> o. It is easy to see from eq.(4.25) that the 
constraint of © is a consequence of the integral over the zero mode. From eq.(4.30) and 
the requirement that the zero mode integration has to be finite, we obtain 

0 > 0. (4.31) 


By using eq.(4.27), we must have 


Q - > 0- 


(4.32) 


The equation (4.32) is obtained in a different manner in [17] [15]. Following [20] we 
replace eq.(4.26) into eq.(4.25) and perform the analytic continuation 0 —> iQ. There¬ 
fore, we get for 'H]\r{zi,Oii ) the functional integral: 


1 r e -2i(G-bs-t)<f> 0 (U h ) is 

HAr( 2 :/,a/) = -- / VfoVcfds dl —~-— . . 

4 J smh(7rsj smh(7Tt) 1(1 + is) 


(4.33) 


(U~ b ) 


r(i+ »/) 


x exp d Zy/g^ 


+0A ■<>+£+> 


+ 2 ai4>(zi) 


In order to evaluate eq.(4.33), we define Fj\r{b,b; ap,is,il) as 


F N (b, b] a/; is, il) = J ... x 


T(1 + is) T(1 + il) 
exp <; - / d 2 z y /g ( f ) 




+ 2 ai(j>(zi) 


(4.34) 


Therefore, eq.(4.33) becomes 


Hn(zi, aj) 



Vcf >o dsdl 


e -2i(G-bs-t)(f> 0 ~ 

—-— . n F N (b, b ; a/; is, il). 

smh(7rs) smh(7rt) 


(4.35) 


Our next step will be computing the integral over the zero mode <f> o- This integration 
gives rise to a delta function S 2 (0 — bs — (1)1). Hence, eq.(4.35) becomes 


T-Ln{zi, aj) 


1 

8 


dsdl 


5 2 (Q -bs- (1)1) 
sinh(7rs) sinh(7rZ) 


+)v(6, 6; a/; is, il). 


(4.36) 


We must point out that to compute eq.(4.35), the values of is and il are restricted to 
be integers, rn and n respectively, otherwise it is not possible to compute that integral 
for the general case [20]. 












Chapter 4. Liouville three point function 


60 


Substituting eq.(4.22) into eq.(4.34), it is easy to obtain 


jj 71 jjJ} /» m il 

F N {b,b\ar,is,il) = b b / Y\d 2 Xiy/g(xi)T\d 2 y r y/g(y r )J([4>]), (4.37) 

m\n\ / - L - L 

J i= 1 r=l 


where 


Some terms of eq.(4.38) are transformed by applying the basic property of delta functions 
f 4>(y)5(x — y) = (f(x). Thus, we have 


N 

2 ’Y^a I (t){z I ) = 

i=i 

J d 2 z^/g(Y^ ~^j 52 ( Z ~ 

(4.39) 

m 

2 ^b (j){xi) = 

1=1 

r m ?h 

/ d 2 z^/g(^2 - Xi))(f(z), 

J i=i V5 

(4.40) 

U ^ J 

= 

r= 1 

r n 9 

J d 2 z^/gC^2—5 2 (z-yr))(f(z). 

(4.41) 


If we replace eqs.(4.39), (4.40) and (4.41) into eq.(4.38), it is not difficult to obtain 


J([ 4 >]) = j Ztyexp j - J Szyfg 


A 


(4.42) 


where we have introduced a source j(z). This function is given by 

j ( z ) = £%) - S ^ ^g 6 ^ Z b^/g 5 ^ Z - y (4 ' 43) 

Hence, eq.(4.42) can be seen as a Gaussian path integral. In order to compute it, we 
define the functional inner product ( , ) as 

(Vh A 0 = J d ‘ 2 Zy/g(z)'ip(z)A£,(z), (4.44) 

where A is an arbitrary operator. Thus, we can rewrite eq.(4.42) as 

J([(p\) = I (4.45) 


£>0 e -(i|d{(</>+§( 2 ^) 1 J>+|(^) 1 i)} e (^){(5(^) ^)}. 


It is easy to see from the latter equation that only the first exponential term is a func¬ 
tional of (j). Therefore, the second exponential factor could be put out of the functional 
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integral. We have 


JW> = 7 1 xexpjc^:)/1 ^)-V 

^det(A) l 41 \ 2 41 2 41 


(4.46) 


As in QFT we identified the inverse of A, as the Green function G(x, y ). This fact arises 
from the Green equation, 

A G(x,y) = ^-5 2 (x,y). (4.47) 

V9 

In operator form, we can build from eq.(4.47) the Green function G(x,y) as follows 


VsG(x,y) = i(A)- 1 . 


(4.48) 


From eq.(4.48). we observe in eq.(4.46) that the exponent could be written as 

= f i 2 z^W) j i 2 z'^W)j(z)G(z,z')j{z'), (4.49) 

and finally eq.(4.46) becomes, 


jm = 7 —- 

^ det (i7) 

Replacing eq.(4.50) into eq.(4.37), 


x e 


f d?Zyft(z) f dPz’y^)j(z)G(z,z')j(z') 


(4.50) 


Tisrib, 6; aj] m, n) = 


m n 

t l b Th 1 


j J d 2 Xi v 7 g(xi) d 2 y r y/g(y~r 


m\n\ /j ,/A) /-*■-*■ 

Y de R47) J 1=1 r=1 

X g f d 2 zy/g(z) f d 2 z'y/g(z')j(z)G(z,z')j(z') 


(4.51) 


and by substituting the currents j(z), j(z') into eq.(4.51), we get: 

ex P {l&R f d 2 Zyfg(z) f d 2 z'^g(z')R(z)G(z, z')R(z ')} 


iF]y(b,b m ,ai;m,n) = 


^ det (^) 




N 


exp E 4:aiajG(zi, zj) 




exp | -2Q ^ aiP(zi) | X In- 


(4.52) 
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Functions P(z) and Ijsr are defined in eq.(4.52) and are given as: 

P{z) = 

I]\r(b,b;aj\m,n) = 

Additionally, Q},, Qr are defined as: 

N m 

8 b ^2 &iG(xi, zi) + 46 2 ^2 G(x{, x 3 ), (4.55) 

i=i j =l 

/1 \ A ' / 1 \ 2 n 
8 ( h ) ^2 a I G (yr^ Zl ) + 4 ( T ) ^2 G (yr-/y.s)- (4.56) 

O’Raifeartaigh et. al [20] points out that the factor proportional to Q 2 placed in front 
of the integral eq.(4.52) gives rise to the contribution 1 + 6 Q 2 which is the central 
charge of the Virasoro algebra in Liouville theory, as mentioned before. Moreover, the 
denominator is a functional determinant which comes from the integration over the zero 
mode. All these factors do not play any other role in our calculations. Thus, to simplify 
our computation we drop them. 

Let P(z) be expressed in conformal coordinates, thus it could be reduced to (see Ap¬ 
pendix A ), 

P{z) —¥ ^ In ^g(z). (4.57) 

On the other hand, the Green function G(x,y ) defined in eq.(4.47), has a singular 
ultraviolet behaviour. It means that this function becomes divergent when its points 
are infinitesimally close. This fact can be seen from the next expression for the Green 
function [ 20 ] 

G(x,y) = ~ In ; ( 4 . 58 ) 

where the parameter A is a dimensional cut-off (do not confuse this with the cosmological 
constant introduced in the classical Liouville action). When we want to evaluate what 
happens to G(x, y) as x —> y, the introduction of A as a renormalization scale is useful. 
Therefore, lim x _^ G(x, y) becomes G(x, x)ff. The renormalized Green function as x —>• y 
is given by (see Appendix B) 

G(xi, Xi)o = ^ In y/g(xi). 


Gb(xi,x ) = 
G%{yr,y) = 


~ / d 2 z'y/g(z')G(z, z')R(z'), 


7T 


(4.53) 


/ Y[d 2 Xiy/g(xi)e 2 ' ,QP(Xl) / JJ d 2 y r yfg{yr 
' i=1 d i= 1 

; -2 \QP{yr) x e [0bfa,x)+Qb(yr,y)+8G(xi,yr)]' 


(4.54) 


(4.59) 
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where i = 1,2. By inserting eqs.(4.57), (4.59) into eq.(4.54), it is not difficult to show 
that this integral could be written in conformal coordinates as 


/ nP n 

\\d 2 XiyJg(xi) b / \\d 2 y r ^Jg{y r ) b 
i =l •' i =l 

x e [sf l (xi,x)+g~(.yr,y)+8G(xi,y r )^ ^ 


where fib = 1 — Qb + b 2 and = 1 — Q(l) + (^) 2 . Therefore, since <5 = 6 + 1/6, /3ft 
and /3^ must be equal to zero. This result could also be obtained by appealing to the 
constraints imposed by Weyl invariance. 


Constraints imposed by Weyl Invariance 

Weyl symmetry offers a good way to impose constraints in eq.(4.60). To see this, we 
perform a Weyl transformation 


y/g —► e 2aip y/g, (4.61) 

where e 2aip is our conformal factor. In order to simplify our calculation, we represent 
the conformal factor by 11 = e 2oup . By using this convention, we have to figure out how 
the function Xn transforms under Weyl transformations; it is easy to realize that the 
contributions to the integral come from \Jg(xi)^ b and \Jgfy r )^■ Hence, Xn transforms 
as: 

1 N —> n m ^ b+n ^X N . (4.62) 

However, this factor can be reabsorbed into the dimensional parameters gb and g-^ by 
imposing the suitable scaling 

gb —* Q-^ b gb and g-^ —> Q~^g-^. (4.63) 

Analysing eqs.(4.62) and (4.63), we find that the expression 


(4-64) 

is Weyl invariant. However, we still have the factors Wb and into J~n- These factors 
transform to: 


w b —> n-^Wb, 

w Tj —► n-PbWfr 


(4.65) 

(4.66) 
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In order to ensure Weyl invariance of the N-point function, we impose the constraints: 


Pb = 0, (4.67) 

P~ b = 0. (4.68) 


We realize from these relations that it is another way to re-derive the well known duality 
equation between Q and 6, 

Q = b +*. (4.69) 

It is worthwhile to recall that this requirement is a necessary condition for background 
independence (see Chapter 3). 

After performing the renormalization program and using eqs.(4.58), (4.67), (4.68) we 
are able to rewrite eq.(4.60) as, 


p in p n r | _ / 1 1 

l N (b,b-ar,m,n) = f d 2 Xi f d 2 y r e i Gb (^)- 41n a ]_ (470) 


i= 1 


i =1 


Renormalized functions G b '(xi, x ) and Q-h(y r , y ) are defined by inserting the Green func¬ 
tion given by eq.(4.58), into eqs.(4.55) and (4.56). Therefore, these equations become: 


N 


Q^(xi,x) = -46 a 1 In 


7=1 


|Xi - zi\ 

A 


26 2 ln ' 




A ’ 


N 


Gf(y r ,y) = -4(-)^a/ln 


\Vr-Zi\ ,1 


7=1 


A 


2(U 2 E G1 ” 


r^s 


I y r - y s \ 

A 


Replacing the latter equations and also eqs.(4.67), (4.68) into (4.70), we get for 

/ m n 

I I n d 2 x id 2 yr\xi - Xj \- Ab 2 \y r - y s \~ 4il > )2 \xi - y r \~ 4 

%<j r<s 
m n N 

x n n n i** - _ 4 ba/ i^ - ^r 4 ^. ( 4 . 71 ) 


i= 1 r=l 7=1 

Let us define the following measure T>l3(xi,y r ) as, 

m n 

VU(xi,y r ) = ]^[ ]^[ d 2 xid 2 y r \xi - Xj\~ 4b ~\y r - y s \~ A ^ )2 \xi - y r \~ 4 - 

i<j r<s 

Therefore, we rewrite eq.(4.71) by using the measure Vl3(xi,y r ), 

P m n N 

l N (b,b-,ar,m,n) = / Vl3(xi, y r ) |x* - z I \~ 4bai \y r - zi\^ 4i ^ ai . 


(4.72) 


i=1 r =1 7=1 


(4.73) 
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The Dirac delta function in eq.(4.36) imposes a restriction over m and n, 

mb + n(-) = 0 = Q — aj. 


(4.74) 


From eqs.(4.71) and (4.73), we realize that the cut-off A does not appear. This fact 
occurs because if we put all A contributions together, the next expression is obtained, 


x {hb(ds) 2 )' n x (p l (ds) 2 ) n x 


M 

ds 


-2[Ei «?-(£/“D 2 ] 


(4.75) 


where ds is the usual “space-time” interval and Ao is the unit length in which the external 
points zi are measured. Consequently, we can absorb the first term in the normalization 
of the partition function because it does not depend on which points the correlator 
is evaluated. On the other hand, the other three terms could be reabsorbed in the 
normalization of /xj,, /x^ and unit length Ao- O’Raifeartaigh et al. [20] after normalizing 
theses cosmological constants write eq.(4.75) as 



(4.76) 


In contrast, to make contact with the usual notation given in the literature of the DOZZ 
formula we just write /x™ x /x~ for this parametric dependence. However, we must always 
keep in mind that they are renormalized quantities. Translational invariance of eq.(4.73) 
is explicit because it only involves terms which are functions of the difference between 
two points. Nevertheless, the scaling zi Xzi is not a trivial issue. 


Scale covariance of In 

The scaling of zj coordinates is written as, 

zi —■> A zi, (4.77) 

where A is chosen as a scaling parameter. Now, we analyse how the measure defined in 
eq.(4.72) transforms under that scaling. 

As pointed out by O’Raifeartaigh et al. [20], substituting eqs.(4.74), (4.77) into eq.(4.73) 
we get the next transformation for In under the scaling of zp. 

I N -> |Ar 2(Q - E ^ )E ' ai Zv (4.78) 

Eq.(4.78) only involves a scaling factor which could be seen as the Jacobian of the scaling 
transformation given above, thus it is considered that In is a covariant expression. 
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SL(2,C) covariance 


It is well known that transformations of the full conformal group could be expressed as 
a SL(2, C) transformation [6]. Such transformation is defined as the map, 


z —y d 


az + b 
cz + d' 


(4.79) 


where ad — be = 1. From eq.(4.79), it is easy to see that the differential dz and the 
difference between two points are given by: 


dz 


Zi - Zi 


dz 

(cz + d) 2 ’ 

Zj - Zj 

(ezi + d)(czj + d) ’ 


(4.80) 

(4.81) 


Substituting the latter equations into eqs.(4.71) and (4.72), it is not difficult to show 
that the integral In transforms according to: 


’-N 


N 

n 

7=1 


\czi + d\ 




In- 


(4.82) 


We must realize that due to eq.(4.80), we can rewrite eq.(4.82) in a more suitable way. 
Hence, In is given by 

N 

z N JJ 

7=1 

where In has the expected covariant expression for a point function (see Chapter 2). 
Moreover, we observe that it has a conformal dimension Ax N = a i(Q ~ Yli a i )• 

From this fact, we conclude that In is SL( 2, C) covariant. If we only consider the 
real part of those transformations that group has 3 free parameters. Therefore, in the 
complex case we have a total of 6 real free parameters, or 3 pair of points over the 
Riemann sphere. By using this fact, we can fix three points of C freely. We use this 
freedom to choose three suitable points z\ = R, z' 2 = 0 and z' 3 = 1, where at the end of 
the calculation we will take R —> 00 . 


dz'r 


dzi 


a l) a l 


z, 


■TV) 


(4.83) 


By using SL( 2, C) covariance, we can change to arbitrary coordinates z\ , z? and Z3. 
Hence, we have 


, az\ + b 
z i = - 

cz\ + d 
az 2 + b 


z 2 = 


z (1 = 


CZ2 + d 
az 3 + b 

CZ3 + d 


R, 

0, 


(4.84) 

(4.85) 


1, 


(4.86) 
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where a,b,c and d are related by the condition ad — be = 1 as in eq.(4.79). Such a 
system of equations, along with the condition cited before between a, b , c and d, becomes 
solvable. After solving eqs.(4.84), (4.85) and (4.86), we obtain for a,b,c and d [20]: 


a = 

/ 77231 

Y (77 - 1)223212 ’ 

(4.87) 

b = 

/ 772:31 

Z2 \j (77 — 1)223212’ 

(4.88) 


77223 + 212 

(4.89) 


\/ 77(77 — 1)212223231 

d = 

7721223 + 23212 

(4.90) 

y 7 7?(77 - 1)212223231 


In order to use eq.(4.82), we explicitly build its transformation factor under SL( 2,C) 
transformations. This factor is given by 


n 


/ 1 \^ 

I I 17 

\/ 77(77 — 1)212223231 

V|c2/ + d|J H 

21223/ + 772 23 2 i/ 




(4.91) 


and the integral Zv evaluated at the points z [, z' 2 and z' 3 : 


N 


1n(z[,z' 2 ,z 3 ) = / VU(xi,y r )Yl I f 


- u - r 1 —4 (1) Q! J I nr- - R|- 46q 1 


Xi - 7?|~ 


i,r j =4 


Xi 


- 46 " 2 |xi - l\- 4ba3 \y r - R\~ 4 ^ )ai \y r \~ 4 ^ )a2 \yr - ir 4( 5 )a3 . 


(4.92) 


For the latter equation we have defined rj as, 

_ _ RZj2Z31 
1 Zi 2 Z3j + Rz 23 Z 1 j ’ 

where j > 4, because the first three points were already fixed. 


(4.93) 


By inserting eqs.(4.91), (4.92) into eq.(4.82) and taking the limit as R —> oo, it is possible 
to obtain: 


In = 


Z12Z3I 


•223 


n 

1=2 


212231 


2 23 


2 (Q—J2i oti)oti 


21/ 


4 (Q-E/«/)«/ 


N 


X i_ rj \-^\y r - rj \-^ x 


VUix^UU 

i,r j =4 

ir 4 bQ 2 i®i - ir 4 ftQ 3 iy r r 4 ( i )a 2 ii/ r - i|- 4( ^ )a3 . 


(4.94) 
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It is worthwhile to point out that the R dependence is cancelled by putting together all 
the contributions coming from eqs.(4.91) and (4.92). Hence, there is no divergent terms 
after taking R —> oo. 


4.3 Computing N=3 by the OPS method 

After replacing eqs.(4.52) and (4.94) into eq.(4.36) and fixing the number of Liouville 
primaries to be 3, we find that the function 'Hjv(xr> aj) can be rewritten as: 

Rsizi, z 2 , z 3 ] ai, a 2 , a 3 ) = A f 3 |2q 2 | 2(A3-Al ~ A2) |z 23 | 2(Al_A3_A2) |z 3 i| 2(A2_A3_Al) . 

(4.95) 

In this equation, A /3 is defined by the following relation, 

A/' 3 (ai,a 2 ,a 3 ) = —^ f dsdl ^ ( 496 ) 

8 J 1(1+ *s)l (1 + u) smh( 7 rs) smh( 7 r<) b 

We have to recall that 0 = Q — a i- The next task is to compute eq.(4.96). In order 
to do this, we take integers values of is and il again, this means is —>• m and il —> n, 
where m and n are integers. After this replacement, from eq.(4.94) as N = 3 we find 
that X 3 becomes, 

/ m n 

W( Xi ,y r) n n w 46a2 i*i - ir 4feQ3 \ yr \- 4(1/b)a2 \y r - ir 4(1/6)a3 . 

i =1 r= 1 

(4.97) 

To clarify eq.(4.97), we have to recall that Vl5^ x . y ^ is defined as an integral measure. 
Such a measure was defined by the following expression, 


^(xuyr) = n n d2x id 2 yr \ x i - Xj I 462 I Ur ~ Vs 
i<j r<s 


- 4(1 /b) 2 


| %i Ur | 


(4.98) 


We are now interested in solving the integral defined by eqs.(4.97) and (4.98). To achieve 
this we will use the result given by Dotsenko and Fateev [19] (see Appendix C) and use 
the Zamolodchikovs function T(x) [23]: 


'Y 7 


l 3 (m,n) = -m\n\^<f>\ /b —j 


(o) 


N=3 

n 


T 


(2aj) 


"W X J. 'Y' 

(-bm-(l)n) 1=1 (Ej«J-2«/) 


(4.99) 


The Zamolodchikovs function is defined in the real strip 0 < Re(x) < Q by the following 
integral: 


, T f°°dt 

logTw = /„ T 


«_ ,.V e -« _ 1+1 

2 ' J sinh|sinh + 


(4.100) 
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Functions and 4>i/b, given in eq.(4.99), are defined as: 


= 7 r6 


T 


(26) 


'■v"' 5 

T (6) 


01/6 - T 


VT T (2(i)) 


6 T 


(i) 


(4.101) 

(4.102) 


Eq.(4.100) along with its simple zeros is defined as quasi-periodic [23] [20], in the sense 
that under a displacement x —> x + 6, it is possible to obtain [15] 


T (3;+6) = T {x) 'y {bx) b 1 2bx , with 7( x) = 


(■ x ) 


(i-i) 


(4.103) 


In addition to the definition of Zamolodchikovs function, we mention that T m is an 
entire function with simple zeros at x = — (m6 + n(l/6)) and x = (m +1)6 +(n +l)(l/6)) 
for all m,n> 0 [23]. This fact can be seen from eq.(4.103). Moreover, it is easy to see 
from eq.(4.100) that Y( x \ has the so called reflection symmetry property Y^) = T (q_ x )- 
We must also realize that eq.(4.100) remains invariant under the inversion b —> 1/6. 


As a result, the analytic continuation of to ^ (i+i S )^ (i+u)^ ^i/b performed 

in a straightforward manner. Therefore, we replace the latter result into eq.(4.99) to 
get: 


jl N =3 y 

i 3 (is,ii) = -r ( 1 +ia) r ( 1 +jO 0»vi% T , (0) n T — — —• ( 4 - 104 ) 

4 (-bs-(i)0 1=1 1 (Ej«J-2a/) 

By substituting eq.(4.104) into eq.(4.96), we have 


A /3 = - dsdl 


5(bs + ( 1 / 6 )/ — 0 ) 
sinh(7rs) sinh(-7rZ) 


(h4>bY S {hf’i/b) 1 




(o) 




N=3 

n 


T 


(2 ai) 


(-6s-(1)0 /=1 (Ej«J-2a/) 


(4.105) 


The integral V(Q), which has all contributions from s and l, is defined by: 

T>(0) = f dsdl ^ bS yrw ^ {ufoT (+0i /b) d ■ (4.106) 

J sinh(7rs) smh(7n) v ' ' 

From this integral expression, we can derive a transformation under the displacement 
0 —> 0 + ib, 

< 4 - iOT > 


for more details about this procedure see [20]. We must realize that eq.(4.107) has poles 
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at © = ±(mb + n/b). The latter equation has a similar form that T(@) under the 
displacement of 0 —> 0 + b. From eq.(4.103) we have [20] [17] [23] 


T'(0 + b) _ T'(0) Y(&0) 

T(0 + 6 ) ~ T(0) + 7(60) 


(4.108) 


Therefore, following the assumption of L.O’Raifeartaigh et. al [20] we identified that 
under a suitable limit both functions behave similarly. The constant part placed at 
the end in eq.(4.108) is identified as an integration constant in eq.(4.107). Such a 
suitable limit mentioned above is defined by using eqs. (4.100) and (4.106), because 
while T'(0)/T evaluated at its poles has a residue equal to 1, Vi®) has a residue equal 
to (ii(j)b) m (^(j)i/ b ) n . As such, we have 


lim 


V(@) 


e^mb+n/b T'(0)/T(0) 


= (hM) m (hM/b) 


(4.109) 


By using the OPS gauge , which is defined as (/r ^) 1 / 6 = ( h4>i/b) b [20] [23], eq.(4.106) 
becomes, 


, N e f Mbs + (l/b)l - Q) 
V{@) = (ufo)» / dsdl ——— . . 

J smh(7rs) smh(7r<) 

It is useful to define from eq.(4.110) the following integral, 

^ f , „S(bs + (l/b)l — 0) 

Vo(@) = / dsdl . — . . n , 

J sinh(7rsj smn(7r/j 


(4.110) 


(4.111) 


where we only take into account the remnant contributions of s and l. Insertion of 
eqs. (4. 110) and (4.111) into eq.(4.105) lead to 


Mi 


1 / i T / 'Poi®) TT 


T 


(2 aj) 


8 


(- 0 ) T=i ^(Mj a J~ 2a i) 


(4.112) 


After taking the OPS gauge, Vq{&) has a residue equal to ±1 depending on if we are 
taking either positive or negative values for m and n. In contrast, T / (0)/T(0) has a 
residue equal to 1 valid for positive values of m and n. Hence, we have the following 
limit 


lim 


Po(B) 


e^mb+n/b T'(0)/T(0) 


= 1 , 


(4.113) 


for positive m and n. We extrapolate this limit to positive and negative values of the 
poles 0 = ±(mb + n/b). Hence, we can write 


lim 


Po(±©) 


e^mb+n/b T'(±0)/T(±0) 


= 1 . 


(4.114) 
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In addition, we consider that because the poles of Vo(Q) are 0 = ±(mb + n/b ), the 
integral Vq(@) evaluated close to them satisfies 

lim = L (4.115) 

@—>mb-\-n/b rQ\ — 0 ) 

Using eqs.(4.114) and (4.115) into eq.(4.112) evaluated at its poles, we have 
Kf - l 5m 1 .... ^O(Q) ^O(-Q) ^T 3 T ( 2 «/) 

*^'3 /L o (m) ^ (^)'v'// pv\ nj fr\\ II 'Y '/„ o \ 

0^-m6+n/6 8 T'(— 0 ) ro{yy) ^ 1(7 , j Q?j ~ 2 a/) 

v 1, ^e^^7>o(-0) T(2a 7 ) 

= ^ llm , o (a*w 6 T (O)——— II —=---r 

0—>ra6+n/6 8 X , ( — 0) j" ^ — 2ttj) 


N=3 


T(2a/) 


.. 1 , 1 ,8 T'(0) -p-r 

0^4=Q-&^8 W ‘ TP©) 11 T(Ej«J- 2 a 7 )- 


(4.116) 


In this way, from eq.(4.116) we obtain for A /3 


.r 1 , , °u 

■A/3 = - (/^fc) 6 


r'(o) 


N=3 

n 


T(2a/) 


- Q) Fi - 2 a i) 

Additionally, from eq.(4.101) we have 

j ,T(26) 

* = rb W ) 

= 7Tb^(b 2 )b 1 - 2b2 . 


(4.117) 


(4.118) 


Finally, substituting eqs.(4.118), (4.117) into eq.(4.95) we achieve the DOZZ formula 

3 


Tiaizi, Z2, 23; cti, «2, 0:3) = 


7 r M7(& 2 ) 


5(2-2 b 2 ) 


1 ( Q~T,i a i)/ b 


T'(0) 


n 


T(2a/) 


l^lgl 2(^3—Ai—A 2 ) , 23 |2 (Ai-A 3 -A 2 ) , 3 ,2(A a -A3-Ai) 


T (E/«/ - Q) Fi _ 2 c u) 

(4.119) 


In order for eq.(4.119) to make contact with the usual form of the DOZZ formula, we 
reabsorbed the 1/8 factor by redefining /r. 


















Chapter 5 


M = 1 Supersymmetric Liouville 
Theory 

5.1 Introduction 

So far we have studied the bosonic Liouville theory, our next task is to extend it to the 
fermionic case. 

It is well known that particles can be classified as bosons and fermions. It is also known 
that bosons have an integer spin value s G iff. In contrast, fermions posses a half-integer 
spin value, this is s G if + \. This fact gives rise to very different physical properties 
between bosons and fermions. 

Additionally, particles such as electrons, neutrinos (leptons) and quarks, which form the 
usual matter, are fermions. Thus, in order to have a more realistic toy model about two 
dimensional quantum gravity, we need to incorporate fermions to Liouville theory. To 
achieve this, we will need to introduce a new kind of symmetry which relates bosons and 
fermions. Such a new symmetry is named supersymmetry. 

Supersymmetry gives rise to a conserved charge by appealing to the Noether theorem. 
We label such a conserved charge by Q. As usual it is promoted to the status of the 
generator of this symmetry. At this point, we find the basic feature of supersymmetry. 
The generator Q acting on a bosonic state turns it into a fermionic one, and vice versa. 
Mathematically it means, 

QjBoson) = |Fermion), (5-1) 

Q | Fermion) = | Boson). (5-2) 
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5.2 Supersymmetry 

5.2.1 Poincare group 

In Chapter 1, we studied the group arising from conformal invariance, it was called 
Conformal group. It was also noted that such a group includes the so-called Poincare 
group as a sub-group. 

In addition, it is well known that the Poincare group is built up by the Lorentz group 
and translations. For instance, under a transformation x p —> x' p , we have 

x' p = A p x u + , (5.3) 

Lorentz transf. Translations 

where is a boost and £" is a translation in space-time. For a four dimensional 
flat space-time, where 77 is the Minkowski metric, we can express the Lorentz and 


translation generators as: 

(M pa ) p = (5.4) 

Pfi = -idf,. (5.5) 

These generators give rise to the following commutation relations 

[P ti ,P v ] = 0 (5.6) 

[M^,P a ] = i{P p rf a - PV CT ) (5-7) 

[M^,M pa ] = + M l/ V <T -M va rf p ), (5.8) 


which form the Poincare algebra. From the latter commutators, we realize that M pi/ 
or P v by themselves do not close the algebra. To do this eq.(5.7) is necessary. Such a 
mixture commutator is associated to the Thomas precession [35]. 

5.2.2 Lorentz group and Spinors representation 

In four space-time dimensions, the Lorentz algebra has six generators. They are: three 
spatial rotations (combinations of xy,yz and zx) and three boosts ( rotations around 
tx, ty and tz ). Following the usual language given in the literature [29] [30] [31] [32] [34] , we 
denote these generators by Jj and Ki, i = 1, 2, 3 , for rotations and boosts, respectively. 
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In addition, Jj and Ki satisfy the following commutation relations: 


[Ji, Jj] — i^ijkJki 

[ Aj. K j\ — i^ijkJki 

[Ji, Kj ] — ieijkK j. 


(5.9) 

(5.10) 

(5.11) 


At this point it is usual to introduce the complex linear combinations J- . These oper¬ 
ators are defined by the following expressions, 

= (5.12) 

By replacing eq.(5.12) into eqs.(5.9), (5.10) and (5.11), it is not hard to see that the 
commutation relations which describe the Lorentz group are described now by two com¬ 
muting 51/(2) algebras. We have 


,/± j± 

, Jj 

,/± jT 



(5.13) 

(5.14) 


As a result, the Lorentz group 50(3,1) can be expressed as the direct sum 51/(2) <g) 
51/(2). 


We also point out that eqs.(5.9), (5.10) and (5.11), together with the following equations 


[Ji,Pj\ = ie ijk Pk , [Ji, Po] = 0, (5.15) 

[Ki, Pj] = —iPo , [Ki, Pq\ =—iPj. (5.16) 


give rise to the more compact expressions eqs.(5.7) and (5.8), by identifying Mo,- = A', 
and Alij — Jk- 


Moreover, a homomorphism exists between the Lorentz group 50(3,1) and 5A(2,C). 
In this particular case, for each element of 50(3,1) there are two elements of 5A(2,C). 
In mathematical terms, SL( 2, C) is the universal cover of the Lorentz group. To explic¬ 
itly see the homomorphism between 50(3,1) and SL( 2,C), we make use of the Pauli 
matrices which are given by 


a 


o 


<7 


2 




U 3 = 



(5.17) 

(5.18) 
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In addition, the function X = is defined together with the usual expression for 

the four-position x M = (x°, x 1 , x 2 , x 3 ). Such a function X is explicitly written by using 
Pauli matrices as, 


/ xo + x 3 
\ti+ ix 2 


x\ — ix 2 
x 0 - t 3 


(5.19) 


We also know that the four position norm |t| under a Lorentz transformation x —> At 
is an invariant. Thus, we have: 


/1 2 I A 1 2 2 2 2 2 

T | = |At| = Xq — x 1 — t 2 — t 3 


(5.20) 


Furthermore, by calling G to an element belonging to SL( 2,C), we find that the map¬ 
ping X —> GXG t preserves the determinant of eq.(5.19), which is exactly the invariant 
interval given in eq.(5.20): 


detW = det(GWG't) = Tq — x\ — x\ — x\. (5.21) 


As already mentioned, in order to obtain eq.(5.21) we require the homomorphism be¬ 
tween SO( 3,1) and SL{ 2, C) must be 1 — 2. For example, in case of the trivial identity 
transformation of the Lorentz group A = 1 6 50(3,1), the corresponding elements for 
SL( 2, C) are G = ±1 [32], This is basically the origin of the two inequivalent represen¬ 
tations when we write the Lorentz group by using G E 5L(2,C). In the literature that 
representation is called spinor representation. 

In this way, we conclude that in spinor representation there are two inequivalent repre¬ 
sentations of the Lorentz group. 

Now, let us introduce the mathematical objects called spinors by defining them as the 
objects ip transforming under a matrix transformation G E 5L(2,C). On the other 
hand, because elements of SL( 2, C) are 2x2 matrices, the spinor ip has to be of the 
form: 


ip = 



(5.22) 


Therefore, it is usual in QFT to express the transformation of ip , in spinor representation, 
by labelling its components. For instance, if G E SL( 2, C) we have 


ip a ^'ip' a = G^ipp, 


(5.23) 


where a, (3 = 1, 2. 
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Recalling that we have found two inequivalent representations in SL( 2, C). We will label 
the matrices belonging to each representation by G and G*. These representations are 
called [32]: 

1. Fundamental representation 

< = G&p. (5.24) 

2. Conjugate representation 1 

Xd = G* d %. (5.25) 


In addition, we have another non-independent representation: 


3. Contravariant representation 

= V^G- 1 )^ , X /Q = X 0 (G*~% (5.26) 


Sometimes, the representation carried out by the matrices Ga is denoted as (^,0). In 
contrast, for the matrices G*£ we have (0, |). 

Analogously to the metric tensor r ]^ v , which is an invariant under SO(3, 1), to raise or 
lower indices within SL{ 2,C), we use 


g aP = 




(5.27) 


where g a @ = —g a p- In the context of particle physics, eq.(5.27) is written as e instead 
of g. Once in a while eq.(5.27) is called the flat fermionic metric. Nonetheless, to build 
a generalization of the bosonic metric in the supersymmetric case it is convenient to 
contemplate eq.(5.27) as a metric which raises or lower indices. Hence, we have the next 
transformations for the fundamental and conjugate representations 


= g a ^0, (5.28) 

X° = 9 a %- (5.29) 


Therefore, it is easy to see that contravariant representation is not independent. 

We could also introduce the above results in a four-component formalism. For instance, 
if we define the Dirac matrices as 


r = 




a 


0 


(5.30) 


1 It is usual to denote indices in the conjugate representation by dotted indices; however we will not 
care about this point from next section on. 
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and 75 = i'y°'y 1 'y 2 'y 3 ■ The four-component Dirac spinor is made from the two component 
spinors ip a and x a : 



(5.31) 


These spinors, which has a defined chirality, are called Weyl spinors. Another kind of 
spinors are Majorana spinors, they are reached by imposing x = ip in the definition of 
Dirac spinors, thus the four component spinor is rewritten as 



(5.32) 


It is well known that only in a certain number of dimensions it can be achieved to have 


both type of spinors. For instance, it is possible in two and ten dimensions. This is an 
important point because we will deal with spinors in two dimensions, then they could 
be Majorana-Weyl spinors and this fact will reduce some further calculations. 

The Lorentz generator given by eq.(5.4), in a tensor representation, is going to be ex¬ 
pressed in spinor representation. It means that we rewrite M pa by using the Dirac 
matrices. Hence, we have: 



(5.33) 


Of course, eq.(5.33) satisfies the commutators given by eqs.(5.8) and (5.7). Replacing 
eq.(5.30) into eq.(5.33), it is no hard to obtain 



(5.34) 


where we have defined its components as: 





(5.35) 


In the latter expressions for (cr px )a and (<7 pA )^, each one satisfies the same commutation 
relations as eq.(5.4) or eq.(5.33). As we already said, it is because we can express the 
covering group SL( 2,C) as SU( 2 ) <g) SU{2). 


From the next section on, we will focus on spinors in two dimensions. Furthermore, they 
will be chosen to be Majora-Weyl spinors. 
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5.3 Spinors in flat and curved space-time 

As in the bosonic case, the supersymmetric extension of Liouville theory also lies in 
the field of string theory. Therefore, it is quite natural to think that we will need to 
incorporate fermionic degrees of freedom into the string. In order to perform this, we 
must couple fermions to the world-sheet; thus, we will deal with two dimensional spinors, 
as mentioned earlier. 

Following the usual references in this field [33] [34] [39] [41] [42] [44] [45], we adopt the 
next convention for index notation: 

• letters from the middle of the Greek alphabet, such as /i, v ,..., will be used to 
label space-time indices, 

• letters at the beginning of the Greek alphabet, such as a, f3,... for spinorial indices, 

• lower-case letters at the beginning of the Latin alphabet, such as a, b ,..., until l 
for world-sheet indices, 

• lower-case letters at the middle of the Latin alphabet, such as m,n,..., until y for 
vectors belong to T X (M). 

To begin with, we consider two general mathematical statements about general coordi¬ 
nate transformations in a d-dimensional space-time [33] [44]: 

1. Under a general space-time coordinate transformations, the bosonic fields will 
transform under a representation of GL(d, M) 2 . 

2. There are no spinorial representation of GL(d, M). 

Therefore, under a change of coordinates x^ —> x ,fl we have 


v 



(5.36) 


In the case of spinorial representations, the bilinear covariant expression ^(x^^^x) 
needs a similar transformation: 



(5.37) 


2 . 


The general linear group GL(d, K) is built up of d x d-matrices of real numbers, whose determinant 


is non-zero. 
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From eq.(5.37), we realize that for the flat d = 4 case the only requirement is Lorentz 
invariance. We saw that there is a spinorial representation of the Lorentz group SO( 3,1), 
this is given by 

V’(x')7 n V(^) = (5-38) 

where are Lorentz transformations expressed in the form of a boost or its Euclidean 
equivalent an SO(n) element. However, without spinorial representations in the general 
case, we cannot accomplish it in a straightforward manner. 

How can we avoid this problem?, we will see in the next subsection that the solution 
relays in the fact that any space-time is locally flat and introduce, at the tangent space, 
the so-called moving frame field. 

5.3.0.1 Moving frame field e'm 

As in general relativity, a moving frame field is a choice of an orthonormal basis of tangent 
vectors living on the tangent space T X (M) of a manifold M. That orthonormal basis 
field Cm is called: 

1. Zweibein in 2 dimensions 

2. Vierbein in 4 dimensions 

3. Vielbein in n dimensions. 

We already mentioned above that the Greek indices from the middle of the alphabet 
indicate that e(J, transforms as an space-time vector embedded in a curved background. 
On the other hand, the lower-case latin letter indicates that e(5, transforms as a vector 
living on a flat tangent space. Hence, the well known orthonormality implies, 

9u^ e rn e n = Vmn■ (5.39) 

In addition, associated to each moving vector frame there is an orthonormal basis e" 
which belongs to the dual space or also called cotangent space T*(M). We have the 
next relations between ej, and e”: 


(5.40) 

(5.41) 

Since the lower index m on eji transforms under a Lorentz transformation as 


e m 


= 5 ^ 

u v 1 


p m ii _ ejr 
u n 


p U _ \m u 
n' n. > 


(5.42) 
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the moving frame field is certainly not unique. Note that this transformation occurs in 
the tangent space of one point x £ M. 

Under a change of coordinates, the p index still transforms as a space-time vector, 


— T" 

1 a '-"m 


(5.43) 


Transformations given by eqs.(5.42) and (5.43) allow us to satisfy eq.(5.37). Therefore, 
we define the desired curved spinors as 


Y*(®) = e^(x)i n , (5.44) 

where 7” 1 are the usual flat space Dirac matrices satisfying { 7 m , 7 n } = 2 r] mn . By using 
these transformations, we can get 

{ 7 ^), 7 ^)} = (5.45) 

%jj{x') r y 1 ’ 'ip(x') = T" i/)(x)^i/)(x). (5.46) 

Therefore, to couple fermions in an invariant manner we must use 7 ^( 2 ;) as defined by 
eq.(5.44). 

Clearly, we are free to perform a different Lorentz transformation on each tangent space 
and still get the same result. To avoid this, we must gauge this local Lorentz transfor¬ 
mation by introducing a gauge field which is called the spin connection. 


5.3.1 Covariant derivative D M and spin connection s M . 

As stated above, in order to avoid the ambiguity arising from local Lorentz transfor¬ 
mation in T X (M) we introduce a gauge field. That gauge field is a connection called 
the spin connection and written as s^. In the same way as in general relativity, such a 
connection gives rise a covariant derivative. That covariant derivative is defined by, 

= (d,j, + s M )V>- (5-47) 

It is worthwhile to note that must transform as follows, 

Sfj, -> Gs^G~ l - (d^G)G~ l , (5.48) 

to maintain covariant under tp —> G(A)ip. Here, G(A) is a spinorial representation 
of the Lorentz group as in eq.(5.23). 
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As in the well known case of Yang-Mills theory, the connection s^ is expanded in terms 
of the gauge group generators. For us, the spinorial representation of the Lorentz group 


1 


„ _ _ a mn rr 

A b u Umn i 


(5.49) 


where a mn = [ 7 m , 7 n ]/ 2 . In eq.(5.49) the gamma matrices are the Dirac ones in an 
arbitrary number of dimensions. In particular, we will use 7 0 = a 2 and 7 1 = ia 1 for the 
two dimensional case. 

Our next task will be to study all these features in the so-called Ramond-Neveu-Schwarz 
(RNS) action. That action possess the two dimensional supersymmetry we require 
and describes the superstring. Nonetheless, the RNS action is still a two dimensional 
supersymmetrical theory which does not explicitly have the supersymmetric behaviour 
yet. 


5.3.2 The Ramond-Neveu-Schwarz action S 


RNS 


We begin by writing the RNS action in Minkowski signature space-time [33], then we 
change to Euclidean space by performing the well known Wick rotation. Therefore, the 
RNS action is given as follows 

Srns = f dadr^g (g^daX^dbXfj,- 


da dr 


/ dadTs/g^^Xart 7 a Xb- 


(5.50) 


In order to explicitly get the spin connection given in eq.(5.49), for the flat 2 dimensional 
Minkowski space. We use the two 7 matrices, 


7° = 


0 -z 
,z 0 , 


7 = 


0 V 

. 'i 0y 


(5.51) 


these matrices satisfy { 7 m , 7 n } = 2 r\ mn . We should realize that they are related to the 
sigma matrices given in eqs.(5.17) and (5.18) by 7 0 = a 2 and 7 1 = ia 1 . It is also useful 
to define 7 s = 7 ° 7 1 = a 3 and 001 = 73 . 

Hence, the covariant derivative in two dimensions is expressed as 


D a = d a i/j + -u a T54>- 


(5.52) 
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From the relation for curved 7 “ matrices, 



(5.53) 


where is the world-sheet zweibein (two dimensions). The moving frame is related to 
the world sheet metric by the relation: 



(5.54) 


From the latter expression, we are able to get 


V~^9 = y/\ detg ab \ 


= e = 



(5.55) 


Eq.(5.55) ensures that Srns is a reparametrization invariant action. 

It was already mentioned that the RNS action has the desired supersymmetry but in a 
non-explicit way. To see it, we will study the symmetries present into eq.(5.50). 

5.3.3 Symmetries of the RNS action 

By defining an infinitesimal arbitrary Majorana spinor a(cr, r), the symmetries of the 
RNS action are given by the next relations: 



(5.56) 

(5.57) 


It is easy to realize that these transformations are relating bosonic components, such 
as to fermionic ones, such as In order to get the invariance of Srns under the 
latter equations, we make use of some gamma matrices properties in two dimensions, 
for instance we have 


= 0 , 

— 0 . 


(5.58) 

(5.59) 


Eqs.(5.58) and (5.59) explains why the covariant derivative does not appear in the RNS 
action eq.(5.50). 


As stated above, the symmetry arising from the invariance of the RNS action under 
eqs.(5.56) and (5.57) has a special name, this is called supersymmetry. In summary, from 
those equations we can realize that local world-sheet supersymmetry is parametrized by 
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an infinitesimal arbitrary Majorana spinor and the RNS action is invariant under the 
local supersymmetry transformations given above. 

In addition to local supersymmetry, the action is invariant under the Weyl transforma¬ 
tions 


x^ —> x e™ —> f le™, (5.60) 

V -> fT 1 / 2 ^, Xa ->• tt 1/2 Xai (5.61) 

where 17 = 12 (er, r) is an arbitrary function. 

We point out that in the context of supersymmetry, the Xa field is called: the gravitino 
field. It is a field with spin 3/2 and also the supersymmetric partner of e™. 

Finally, the RNS action is also invariant under 


Xa -t Xa + 7 aVi (5-62) 

where r/(a, r) is also an arbitrary Majorana spinor. To derive the invariance eq.(5.62), 
we use another property of two dimensional gamma matrices: 

7 m 7n7m = 0. (5.63) 

The symmetry arising from eqs.(5.60), (5.61) and (5.62) together means that the action 
describes a superconformal theory. 

In summary, the RNS action possesses: 

1. World-sheet reparametrization invariance 

2. Local Lorentz invariance at the world-sheet 

3. Local world-sheet supersymmetry 

4. Super Weyl invariance. 


In addition, e” 1 and x.a act like Lagrange multipliers. Therefore, their equations of 
motion generate the conservation of stress-energy tensor and supercurrent at the classical 
level, thus we have 


2 SSrns _ n 

e 5e™ ~ ’ 

(5.64) 

7 b la Vd b x„ = 0. 

(5.65) 
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As our next point, we will deal with the Euclidean version of the RNS action. In order to 
achieve this, we will perform a Wick rotation over one of the two world-sheet coordinates. 

5.3.4 The Euclidean RNS action 

After performing Wick rotation, we will identify the world-sheet coordinates a and r 
as a = and r = — z £ 2 and to maintain the factor 7 m < 9 m invariant, we must change 
7 ° to be 7 ° = —i'y 2 , due to 7 2 c ?2 = 7°<9o- As a result, the anticommutation relation 
{ 7 p , 7 9 } = 2 r] pq is now given by 


{ 7 " 1 , 7 ”} = —26 rnn . (5.66) 

Moreover 7 3 = i'y 1 'y 2 = cr 3 . Finally, the euclidean RNS action is as follows: 
s rns = \j ^^(g^daX^dbXp-i^^da^ 

J d 2 CVs (xa7V''/v) (d(,x IJ - ^{XbV) \ • (5-67) 

Additionally, the super conformal gauge is defined as [38] [33] 

C = exp(^(f)/2)<5£\ = T a X, (5-68) 

where x is a constant spinor. In this gauge, x disappears from the gauge fixed action. 
Hence, the action under this superconformal gauge is 

•S'sconf = ^ J d 2 i {5 mn d m x^d n x^ - . (5.69) 

We should realize that there are still some symmetries. Such a remnant part of local 
supersymmetry is called global supersymmetry 

hx^ = £ a = —'i{'y m )a £ pd m X^, (5.70) 

where e a is a constant spinor. 


5.4 Super Riemann Surfaces 

It is not obvious that the actions given by eq.(5.69) and eq.(5.50) are globally and locally 
supersymmetric, respectively. Therefore, we want to rewrite these actions in a way which 
makes supersymmetry manifest. In order to do this, we first introduce the superspace 
formalism and later the supersurface language. 
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5.4.1 Superspace 


The first attempts to introduce superspace were in 1974 by Salam and Strathdee [36, 37]. 
From its introduction its applications has been increasing. We adopt this formalism in 
the next lines. 

Basically, when superspace is considered, we deal with an extension of the usual bosonic 
(commuting) coordinates to fermionic ones. In this way, our space is not only described 
by the coordinates (z,z), it is now given by ( z,z;9,9 ) 3 instead. Where 6 and 9 are 
called: fermionic, Grassmann or simply odd variables. Their main properties are 


= -99, 

(5.71) 

II 

O 

(5.72) 

99 = 0. 

(5.73) 


Such properties have deep consequences to this theory. For instance, if we define a 
function depending on 9 only, say F(9), we have that due to eq.(5.72) only the first two 
terms do not vanish, 

OO OO 

F{9) = Y, Fn{9) n = F 0 + F 1 9 + Y F k+ 2 ( 0)\9) k = F 0 + Ftf. (5.74) 

n=0 k= 0 

If there are no boundary terms the following properties are satisfied: 


J d9 = 0, 


(5.75) 


J d99 = 1. 


(5.76) 


A direct consequence of eq.(5.76) is that 5(9) = 9. Another consequence is due to 
eqs.(5.74), (5.75) and (5.76), thus in odd variables we have an equivalence between 
integrals and partial derivatives 


J d9F(9) 


dF 

~d0' 


(5.77) 


If a function as eq.(5.74) is extended to bosonic variables as well, it becomes a special 
function which is called a superfield. For instance, the superfield X(z, 9) is expanded as 


X(z,9 ) = x(z) + 9i/j + 9 if; + 99 f. 


(5.78) 


From eq.(5.78) it is not difficult to see that the first term is its bosonic part and the rest 
are constrained because of Grassmman variables. 

3 Recall we are working in two dimensions. 
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In case of two variables, eq.(5.76) should be replaced to be 


/ 


d9 1 


dd 2 e 2 e 1 = l. 


(5.79) 


Why to introduce superspace? 


The main point of introducing superspace is because supersymmetry becomes a geo¬ 
metric transformation. Because odd variables are now points within the superspace, its 
transformations are a type of superdiffeomorphism. Hence, we have 

5z = —ie e ^g e 9 = — e 6 0 , 5z = = s®6, (5.80) 

59 = e 6 , 56 = /, (5.81) 

where e is a Grassmann constant spinor. 

Under an infinitesimal supersymmetry transformation, the superfield X such as eq.(5.78) 
transforms as 

5X = 5zd z X + 5zd z X + 59d 0 X + 59dgX (5.82) 

= e® QqX + £®QqX, (5.83) 

where 

Qe = d() ~ i9Yo()d z = d () - 9d z , (5.84) 

Qe = ~ g&z = dg + Q(k- (5-85) 

On a flat supersurface, the supercovariant derivative Dg is easy to construct. In order 
to satisfy the anticommutation relations { Dg , Qg } = {Dq, Qg} = { Dg , Qg} = 0, we have 

Dg = do + 9d z , Dg = dg-9d z . (5.86) 


Therefore, the quantity 


/ = 


d 2 zd 2 9DgXDgX, 


is supersymmetric invariant. 


(5.87) 


5.4.2 Supersurface notation and flat metric 

We will follow the notation given in [33] [44] [41]. For J\T = 1 superspace, supercoor¬ 
dinates are labelled by z M = (z,z;9,9) and superdifferentials by 8m = (d z , d~; dg, dg). 
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Furthermore, tangent space indices are written as A = ( 77 , 77 ; +, —). On the other hand, 
local Lorentz transformation is restricted to the SO(l, 1) subgroup of the more general 
super-rotation. As a result, tensors transform with the U( 1) charge under local Lorentz 
transformation. 


Flat supersurface has the metric 


9M N 



(5.88) 


where, 



(5.89) 


The latter metrics are recognized as the flat two dimensional bosonic and fermionic 
metric, respectively. 


5.4.3 Global RNS action in supersurface language 

Now we want to show the explicit form of the action given by eq.(5.69), also called global 
RNS action, in supersurface language. In eq.(5.78) we defined a superfield for one degree 
of freedom. In order to make contact with global RNS action, it is defined the collection 
of d superfields, X 1 (I = 1,... ,d ) as 

X 1 = x 1 + Oi$ + 9^ + 99F 1 . (5.90) 

Furthermore, we already saw that a supersymmetric invariant way to express an action 
in a non-trivial way in supersurface language is given by eq.(5.87). Therefore, for a 
superfield of d degrees of freedom, we have that the action 

S = \J d 2 zd 2 9DgX I DgXj, (5.91) 

is supersymmetric invariant. In fact, the action given by eq.(5.91) when is expressed in 
components is equivalent to the one given by eq.(5.69) [33] . 

On the other hand, the superspace formulation of the full locally supersymmetric RNS 
action requires the introduction of curved supersurfaces. That requirement is equivalent 
to introducing a generalization of the already known zweibein which from now on will 
be called the superzweibein. 
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5.5 Curved supersurfaces 

5.5.1 The superzweibein E^ 

The supersurface extension of the ordinary zweibein is the superzweibein which 
consists of 16 superfield components. The M index transforms as an ordinary supersur¬ 
face coordinate under the superdiffeormorphism group, whilst the A index transforms 
as living in a flat tangent space. Hatfield [33] indicates that 6 superfield components can 
be fixed. These superfields are: one superfield which is necessary to fix the flat super¬ 
surface action eq.(5.91), four superfields to describe superdiffeomorphisms and finally 
one superfield which parametrize rotations in the Tangent space. 

However, what happens to the remaining 10 superfields which have been not fixed? As 
pointed out by Eric D’Hoker and D.H. Phong [44], it is possible to choose the following 
constraints over the torsion field in order to fix those remaining 10 superfields: 

= 2(7 m U (5-92) 

Tpry = T™ = 0. (5.93) 

Nonetheless, in a equivalent and more useful way, we can replace such constraints by 
another gauge where the curvature R a p be proportional to (75)^. This constraint 
replaces the another one given by T™ = 0. We adopt this choice as our gauge [44] [43]. 
Therefore, we rewrite the constraints given by eq.(5.92) as 


Ra /3 — 2*(75) a( gk , 

(5.94) 

1 % = 0 , 

(5.95) 

T%> = 2( 7 m ) a/3 , 

(5.96) 


where Y is understood as the supercurvature scalar. 


5.6 J\f = 1 Supersymmetric Liouville Theory 


In the same way as we did in the bosonic case, it is instructive to analyse how Super 
Liouville theory arose in the context of 2D supergravity. 
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The generalization of eq.(5.52) is given by the definition of the covariant superderivative 
which is given as follows: 


V M V A = d M VA + n M E%VB, (5.97) 

V m V a = d M V A + V B E^n M - (5.98) 

In this case, the generator of the Lorentz transformation is defined as E b = e b , Ea = 
E b a = 0, Ei = [33] [42] [43] [44], 

By using eq.(5.91), the partition function of the string theory with 
on the world sheet is given by: 

Z = j[VE% I }[VX I ]e- s[X ' E] . 

The matter part, for our purposes, is taken to be 

S = — f d 2 Z EV a X I V a X I . 

8vr J 

The super-field X 1 was defined in eq.(5.90) as 

X 1 = x 1 + 0 a + iddF 1 , (5.101) 

where F 1 is an auxiliary field, 0“4d = 0 + ^ I + + and is a Majorana spinor. The 

integration measure is given by: 

d 2 Z E = d 2 zddddSdet{E^). (5.102) 

On the other hand, the Super Gauss-Bonnet theorem for a supersurface Xi is defined 
as: 

X (M) = ^ J d 2 ZEY. (5.103) 

In the present gauge, given by eqs.(5.94), (5.95) and (5.96), the supersurface version of 
Gauss-Bonnet theorem eq.(5.103) becomes the usual Gauss-Bonnet theorem, thus we 
obtain: 

X( M ) = ^j d 2 ZEY = ^~j dPzyfgR. (5.104) 

At this point, it is important to point out that the surface A4 will be taken topologically 
equivalent to the sphere, thus x(-M) = 2. From eq.(5.104), we have: 


local supersymmetry 

(5.99) 

(5.100) 


d 2 Z E Y = 4vr. 


(5.105) 
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Since the matter field part eq.(5.100) into the partition function eq.(5.99) is Gaussian, 
the path integration give an straightforward result, 


e 


Sm[E\ _ Q 


87t 2 Sdet^D )e 
J d?Z E 



(5.106) 


where □ = E + E _ [42] and we recall d is the number of superfields (/ = 1,2,..., cZ). 


The effective action S m [E] is not invariant under the following super Weyl transformation 
[33] [39] [44] [43] [41] [42] : 


E a M = e*E a M , (5.107) 

E% = e^/^E^ + EUlaT^^]. (5.108) 

It is common in the literature [42] to abbreviate this transformation as E^ = e®E^- 
On the other hand, Nakayama [43] points out that the variation of the effective action 
under super Weyl transformations is as follows: 

!°g ( !, det S ) = c - Ssl($)- (5.109) 

VSdet □/ 

As a consequence, the effective action has the following transformation, 

S m [E] -> S m [e^E] = S m [E} - ?c m S SL [4>, E\. (5.110) 

where c m = 3d/2. 

As in the bosonic case, we now proceed to fix the gauge of E^. This gauge is called the 
superconformal gauge and is given as follows, 


f*(E) = e*E{T). 


(5.111) 


We explain briefly the meaning of eq.(5.111). The measure EE^ will be decomposed 
into the superdiffeomorphism volume, super local Lorentz transformations, super Weyl 
transformations and the moduli T. 

After dividing it by the volume of the gauge group, the supervielbein EE^ is decomposed 
as, 

J[DEm] = j{dT}[E E ^]E E BE E C e S ah [B,C;E]^ (5.H2) 

where B(z) = /3(z) + 9b(z ), C(z) = c(z) + 0 r ){z). The super ghost path integral is also 
Gaussian (as in eq.(5.110)). Hence, the following equation can be obtained [43] 

S gh [E} S gh [e*E] = S gh [E] - ^c gh S SL [<S>, E], 


(5.113) 
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where c g h = —15. From Eqs.(5.99) and (5.112), in this super conformal gauge the parti¬ 
tion function is given by: 

Z = j dT[V E ^}e- Sm ^^- s <> h ^^. (5.114) 

Combining Eqs.(5.110), (5.113) and (5.114) we have, 

Z = J dr\Vr$}e- Sm[E] - s ° h[E] p-W-QSsLl*^ ' (5.115) 

Super Liouville part 

For critical dimension d = 10, the <f> integration yields a constant. If d ^ 10, we have to 
evaluate this integral. 

As in the bosonic case, the measure is defined by the norm: 

||<S$||| = J d 2 Z E(6<S>) 2 = J d 2 ZEe*{5$) 2 , (5.116) 

Therefore, the measure V g<b is defined through 

J V^e~ im{2 E = 1. (5.117) 

However, the norm ||h<l>||| i is neither Gaussian nor invariant under the translation in the 
functional space. In order to linearise this norm we follow the supersymmetric version 
of the Distler-Kawai hypothesis 1 [44] [41]. Therefore, the linearised norm is now given 
by: 

||$$||! = J d 2 Z E{5$) 2 . (5.118) 

From all of these contributions, the form of Ssl[®, E\ is explicitly given as 

S sl [$,£] = J d 2 ZE^-V a $V a <5> + QY<S> + iie b ^ . (5.119) 

In the next section, by following E. Abdalla et. al [45] and R. Rashkov and M. Stanishkov 
[46], we will study the N - super point function. Our starting point will be the action 
described by eq.(5.119). 


5.7 N - super point function 

Current research on Liouville theory and its supersymmetric generalization have been 
focused on finding the exact form of its IV-point functions. Nonetheless, this is a difficult 
task. Therefore, researchers have concentrated all their effort to first compute the basic 
4 This hypothesis was already mentioned in Chapter 3. 
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case when N = 3. As stated at the beginning of this work, the focus of present research 
has been to find the exact form of the 3-point function in the bosonic and supersymmetric 
case. Literature on this topic shows a variety of approaches [17] [25] [45] [46]. In order 
to obtain that point function in the supersymmetric case, we need to first find the exact 
integral expression of the Appoint function. 

The super Liouville action is given by [45] [46], 

S S l[$, E] = ±- I d 2 ZE (^V a $V a <S> + Q Y4> + /x e 6 *) , (5.120) 

where d 2 Z E = d 2 zd?0 SdetL 1 ^ and <t = cj) + 9'^ + d'^ + 6 9F. Now, vertex operators in 
the Neveu-Schwarz sector are represented by [45] [46]: 

V a = e ^(z,z)_ (5.121) 


Its superconformal dimension is given by [43]: 

A {a) = \a(Q-a). (5.122) 

We should notice that A( Q ) = A(q_ q ). As in the bosonic case, it reflects a duality in 
our supersymmetric theory. 


Hence, the N - point function of vertex operators is given by eq.(5.121) it is then defined 
as: 


/ N 

n 

\i =i 




= / [DfM 


o~SsL 


N 

n 

i=i 


3 a/$(Z/) 


(5.123) 


5.7.1 Computing the N - super point function 


In this subsection we will compute a suitable expression for the N - point function. From 
eq.(5.123) we have 


Qn 





j[V E <S>} e~ SsL 


N 


e (Xi®sl(Zi) 

1=1 


(5.124) 


where the N- point function is represented by Qn. In the same way we did in the bosonic 
case, integration over the zero mode will be performed. As usual we separate in two 
pieces the superfield &sl- Therefore, the Liouville superfield &sl decomposes as follows, 


$sl(Z) = <L 0 + $(Z), 


(5.125) 



Chapter 5. AT = 1 Supersymmetric Liouville Theory 


93 


where D a D a & o = 0 and f d 2 Z E$(Z) = 0. Replacing eq.(5.125) into eq.(5.120) and 
also using eq.(5.103) gives rise to 


S S l = Q $o + ^ / d 2 ZE 


D a <S>D a $ + QY<S> + [id 


6(4>o+'I > ) 


(5.126) 


The next step will be to use the fact that <3?o is the constant mode of the super field 
<3 ?sl- Hence, we have 


— [ d 2 ZEe b ^ 0+q>) = — e^ 0 [ d 2 ZE< 
47T J 47T J 

This means that eq.(5.126) is written as 




(5.127) 


Ssl = Q$o + ^ e fe$0 J d 2 ZEe m + ^ J d 2 ZE 


D a <5>D a <5> + QY<5> 


(5.128) 


where we recognize the last term as the super Liouville action without the exponential 
term e 6$ . Therefore, it is useful to denote such a term as the free super Liouville action 

Sqsl■ 


S 0SL = T[ d>ZE 


^D a <S>D a <S> + QY<5> 


Taking into account eq.(5.125), the measure T> e <&sl splits as [46] 


(5.129) 


T>e&sl = V E $ 0 V E $. 


(5.130) 


From eqs.(5.120), (5.125) and (5.130), we have 


N 


Gn = [Pe < J>o][L7e'4>] \ ( 


gO/^o e &i$(Zi) e —Ssl 


1=1 


Thus, Gn becomes: 


Gn = [[DE<S>o\f2 e{J:iai - Q+Sb) * 0 ^T”(rJ x 

J s =0 

jIV E <S>] J|e Q, ' I ’ (x,) (^j d 2 ZEe b ^ z) ^j e~ s ° SL . 


(5.131) 


(5.132) 


Following E. Abdalla et. al [45] we choose the “on-shell” condition: 

1 


S= 6 


N 

Q - ^2 a I 


i=i 


(5.133) 
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Reabsorbing the constant mode contribution into normalization of Qn, we arrive to 

s N 

Jj” e a/$(Z/) ' 

Sqsl 


Gn = £ 


(-l) s ( T 


s! \47 t 


d 2 ZEe b ^ Z) n e aj$(Z 7 ) 


s =0 \ 7 7=1 

We can rewrite Qn as an expansion in terms of Q S N , 


(5.134) 


Gn = ^ Gn- 


(5.135) 


s=0 

Comparing eqs.(5.134) and (5.135), we realize that Q S N is given as 

s N 


G% = 


(-i y (ty 


4 V47T 


d 2 ZEe b * {z) ) ] ] 


0 a/*(Z/) 


7=1 


) 


(5.136) 


Sqsl 


It is also well known that the residue of the Gamma function r(z) is 

(-l) s 


Res(r, —s) = 


s! 


(5.137) 


where s£ff, In addition we rewrite the residue of Gamma function for negative integer 
values Res(r, — s) as follows 


r R (-s) = 

In this way, we are able to rewrite Q S N as 


(-1) 5 


(5.138) 


<3% = r R {-s) (£ 


d 2 ZEe b ^ z) \ [[ 


N 


0 aj$(Zj) \ 


(5.139) 


7=1 


Sqsl 


Despite the factor which is independent of 4>(Z), we just focus in to compute the expec¬ 
tation value (... ) So sl . Moreover, if we realize that a/ < I > (Z/) = j d 2 Zaj^(Z)S 2 (Z — Zj) 
and an analogous relation for b<&(Zj), it is not difficult to obtain 


NS iV \ 

d 2 ZEe b ^ z A Y^ e ai ^ Zl) 


N 


7=1 


> = n / pz*} 

So SL 


(5.140) 

H / d?Z i E i e-&f* ZE ls D °* Da *-M*l 


i=l ' 


Note that in eq.(5.140), we put together the linear contributions on in order to build 
the current j(Z). Hence, such a current in eq.(5.140) is given as 

j(Z) = E~ 1 5 2 {Z - Zj) + 4 tt6^ E~ 1 S 2 {Z - Z t ) - Q Y. 


(5.141) 
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From eq.(5.140), it is not difficult to realize that the following expression is a Gaussian 
integral: 

J [VE ^ e -hi d2zE [\ D ^ Da *-m*\' ( 5.i42) 

Additionally, we define the inner product 

(f,g) = J d 2 ZE[f(Z).g(Z)}. (5.143) 

Hence, by neglecting the surface terms due to the kinetic term we are now able to rewrite 
eq.(5.140) as the Gaussian functional integral 

n /cPZiEi { J [D B $]e _ <*’ ( £ w J (5.144) 

where we should recall □ = D+D-. In addition, Polchinski [40] gives an expression for 
the generalized super Green function which satisfy the next kind of Poisson equation: 

D + D_G(Zi, Zj) = vr S 2 (Zi - Zj). (5.145) 


Therefore, the super Green function is written in supersurface notation as 

G(Z i ,Z j ) = ~]n\Z i -Z j \ 2 , (5.146) 

where \Z t — Zj | = \zi — Zj — 0i0j\ [40] [41] [47, 48]. From eq.(5.145) it is possible to 
identify 

(£) -> 4G ( Z i’ Z j)’ (5-147) 


as in the bosonic case. Substituting eqs.(5.141), (5.146), (5.147) into (5.140), we obtain 


[Sdet(g )]‘ /2 


J [ / d 2 z t / •;, 


(JL 

g' 47r 


(fiHi) 

v 47r y 47T ' 


1=1 ' 


1 

[Sdet(£)]' /2 



xe 'S2i,j°‘i a jG(z I ,z J ) x ^SjYji a J h G^Zj,Zi) 
Xe QJ2j»jfd 2 W^G{Zj,W)Y x e fcE,E jaidZj'Z!) 
Xe b2 J2jJ2i G (Zi,Zj) x gbQE,- / d*W^G(Z 0 ,W)Y(W) 
x e Q S/ “I f d 2 X^G(X,Z!) Y(X) 
xe Qbfd 2 x?x Ei Gpqzo V(X) 
xe £?f d2x E W f d 2 W E(W) Y(X)G(X,W) Y(W) _ 


(5.148) 
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The last term on the right hand side is recognized again (see Chapter 4) as the Polyakov 
term [20] which contributes to the central charge with the factor proportional to Q 2 . 

As in the bosonic case that term will not have further implication for our purposes 5 . 
Therefore, the integrand of eq.(5.148) can be rewritten as 

e E It ja I ajG(Z I ,Zj) x e QJ2jajP(Zj ) x e QT, I »iP(Z I ) x ^(Zj) x & bQ Ej P(Zj) x g&QEi ^i) ? 

(5.149) 


where we have defined the functions P(Z) and J~ b (Z) as: 


P(X) = 
P b {Z 3 ) = 

In the definition of P(X), 
eq.(5.149), we arrive to 

N 

JJ \Z : - Zj\~ 2aia J 
I<J 

where Hn is given as 


— / d 2 WE w G(X, W) Y, 


(5.150) 


2b E E ai G{Z P '+ b2 E E z ^- ( 5 - 151 ) 

J I 


* J 


X and W are supercoordinates. Replacing eq.(5.146) into 


x lim e T ‘i-J aiajG{Zl ’ Zj) x e ^QYi»iP{Zj) x U N (5.152) 

Zi^Zj 


N 


n N = l[ dPZiEi e 2bQP{Zi) X JJ |Z/ - Zi\~ 2bai I Zi - Zj\~ 2b X lim e b G ^ z i). 

i ^ 1=1 i<j ^ j 

(5.153) 


In order to write TLn, the integral P(X) has been defined as follows 


P(X) 


1 

47T 


d 2 W EG{X,W)Y(W). 


(5.154) 


At this point, Distler et. al [42] apply a flat super conformal transformation, which in 
terms of the super determinant of E^ is E e^E, thus we obtain 


P(X) 


1 

47T 


d 2 WEe n G{X, W)Y, 


(5.155) 


where E is a reference superzweibein. Following [44] [42] we use the transformation 
between Y and Y , 


Y = e 


-n 


Y - 2D+D-Q 


(5.156) 


s For a more complete treatment about superconformal currents and charges we refer to S. Ketov [4], 
R. Blumenhagen and E. Plauschinn [5] and E. Martinec [41]. 
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Therefore, by substituting the latter relation into eq.(5.155), we have 

p(x) = [ d 2 wG(x,w)nn(w), ( 5 . 157 ) 

2vr J 

where we have also used the flat conformal gauge which implies SdetE A j = E = 1 and 
thus Y = 0. After integrating by parts we obtain 

P(X) = -— [ d 2 W [DG(X, IT)] f \W) + surface terms. (5.158) 

27 T J 

Disregarding the surface terms and taking into account eq.(5.145), 

P(X) = J d 2 W5 2 (X -W)n(W). (5.159) 

Finally, we arrive at a compact expression for P(X) in the flat conformal gauge: 

P{X) = -UnE x . (5.160) 

Additionally, we consider the following relations [33] [47] 

dZ' N 

Em = QgM Eni (5.161) 

f)7 M 

dZ M = - 7 —dZ N . (5.162) 

8Z N 

From eqs.(5.161) and (5.162) we define dS A = E^dZ AI = E^dZ' N and the scalar 
invariant dS 2 = dS A dSA- Introducing a renormalization scale L in eq.(5.146) and using 
the definition of dS, we have 


lim G(Zi,Zj) 

Zi^Zj J 


— lim In 

Zi—yZj 



— In 


dZi 

L 


In E t -In 

2 



(5.163) 


As in the bosonic case the second term on the right hand side of eq.(5.163) is used to 
renormalize the cosmological constant n. Therefore, we can disregard this term and only 
define eq.(5.163) as 


G R (Z l ) = In Ei. 


(5.164) 
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Using eqs.(5.160) and (5.164) into eq.(5.153) it is possible to obtain 

s « N s 

U N = n d 2 z t ( Ei ) l ~ b Q + b2 IZz - Zi\~ 2bai JJ \Z t - Zj\- 2b2 . (5.165) 

i =1 7=1 i<j 

By recalling the relation Q = b + l, we have that 1 — bQ + Q 2 = 0. Hence, the exponent 
of the super zweibein vanishes, and eq.(5.165) is simplified to 


8 f N s 

u N = n / d 2 z { n \Zi - Zi \~ 2bai n\z t -z^ 2 . (5.166) 

i =1 ' 1=1 i<j 

We can easily recognize the latter equation as the supersymmetric extension of the 
Dotsenko-Fateev integral [19] [47, 48]. Much research on this topic obtained an exact 
expression for eq.(5.166). In particular, we will use the results of L. Alvarez-Gaume and 
PH. Zaugg [47, 48] for this integral. Carrying on with the computation, from eq.(5.152) 
and the result given above, we have 


lim e ^i,j a i°‘J G ( z i’ Z j) x e 2 QY lI onP{z I ) 
Zi^Zj 


N 

x n \zj ~ Zj\- 2a ' aj 
I<J 


s N 

n [ d 2 Zi f[\z t 

i= 1 '' 1=1 


~ zj\~ 2bai n 

i<j 


Z, — Z- 


1-2 b 2 


(5.167) 


Hence, we must now compute this expression for the particular case N = 3. This is the 
task for the next section. 


5.8 N = 3 superpoint function 

So far, we have discussed a general expression for the N point function in J\T = 1 Super 
Liouville theory. Now we will focus particularly on the special case N = 3. Following L. 
Alvarez-Gaume and Ph. Zaugg [47, 48] and E. Abdalla et. al [45], the usual procedure 
to perform the present computation is to fix the following points z\ = 1, z' 2 = 0, z' 3 = R, 
O'l = 0' 2 = 0 and 0' 3 is chosen to be Rr] 6 . The invariant parameter r/ will be defined soon. 
Thereby, the holomorphic part of the superpoints considered are Z[ = (1,0), Z 2 = (0,0) 
and Z 3 = (R^Rij). After replacing such points in eq.(5.167) the parameter R will be 
taken as going to infinity. It means that the pair (z 3 , z 3 ) is identified again as the infinity 
of the Riemann sphere as R —> oo. 

c Because z '3 and 63 dependent on R, they are fixing only one degree of freedom. 
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Before we proceed with such a computation, it is important to point out some definitions. 
First of all, the difference between super coordinates will be written as 


Zlj = Zj - Zj. 


(5.168) 


In addition, the parameter r/ used to write d 3 = Rr) is defined as a SL( 2| 1) invariant 
quantity given as [47, 48] 


$ 1-^23 + # 2-^31 + 0%Z\2 + O182O3 
(Zi2^13^23) 1//2 


(5.169) 


To perform a <SL(2|1) transformation from Z —> Z ', we use the following relations [47, 48] 


az + b + ad , az + /3 + Ad 

cz + d + /3d 1 cz T d T /3d 


(5.170) 


along with their conjugate expressions. We also have that A = \/ad — be — 3a(3, a = 
(a/3 — ca)/(\/ad — be) and (3 = ( b/3 — da)/(\/ad — be) in eq.(5.170). On the other hand, 
Alvarez-Gaume and Zaugg [47] express the superdifferential dZ transforming as 


dZ = DddZ ', 


(5.171) 


where according to the chain rule we have \dZ/dZ'\ = Dd. Furthermore, they pointed 
out that 


Dd 


\Zu\ 


Sdet g 

| cz' + d + /3d' | 2 ’ 

Sdetg \Z'jj\ 

(cz'j + d + Pd'j/^z'j + d + /3d'j) ’ 


(5.172) 

(5.173) 


where Sdetg = ad — be — a/3. Now we rewrite eq.(5.167) as 


N 


N 


mz') = u\zi-zj\~ 2aiaj n / d 2 ^ n i z * - z 'j\- 2bai z j 

I<J i=1' 1=1 i<j 


-2b 2 


(5.174) 


In this equation we must realize that the supercoordinates Zi were just relabel as Z\ 
(I = 1,2,3). Moreover, by using eq.(5.173) the first factor ri/<j \ z i ~ Z'j\~ 2ai0lJ was 
transformed to | Zj — Zj\~ 2ai0iJ . Hence, we obtain an extra contribution coming 

from the factor \cz + d + f3d\ which acts as a Jacobian in eq.(5.173). Putting together 
such contributions we obtain that J -3 transform under the SL( 2| 1) supergroup as 

3 

W) = n | CZ! + d + Pd <*!)<*! T 3 (Z). 

1=1 


(5.175) 












Chapter 5. AT = 1 Supersymmetric Liouville Theory 


100 


As studied in the bosonic case (Chapter 4) to find the coefficients of the SL{ 2 1 1 ) trans¬ 
formations given in eq.(5.170) we must must solve the system of equations 


A 


/ 

^2 


4 


A 

4 


az\ + b + a 0 \ 
cz\ + d + /3@i 
az 2 + b + a02 
cz 2 + d + f30 2 
az 3 + b + a 0 3 
cz 3 + d + /3@3 
CK-Sq -p {3 -f- 
czi + d + /3$i 

0^2 + /3 A A0 2 

cz 2 + d + f39-2 


(5.176) 

(5.177) 

(5.178) 

(5.179) 

(5.180) 


which becomes solvable by adding the extra condition ad — be — 3a/3 = 1. From the 
latter equations the really important quantities are c, d and (3, since ri/=i | cz i + d + 

p 0 l \ 2 {Q- a i) a i 

is the factor which acts as a Jacobian in eq.(5.175). We compute this 
coefficients using Mathematica [52] and write them in Appendix D. As we are interested 
in how such a Jacobian behaves as R — > oo, we just write this contribution directly ' 
[47] 


a i ) a 3 x 


Z 23 

Zr 2 Z 3 i 


(Q-J 2 i a i) a i 

x 


Z 31 

^12-^23 


(Q-J2i a i) a 2 

x 


Z \2 


Z 13 Z 23 


(Q~T,I a l) a 3 


(5.181) 


Putting together eqs.(5.175) and (5.181), we have 


H 3 {Z) = lim i7 2 (0-E/«i)«3 

R—>oo 


z 2 3 


Z 12 


Z 13 Z 23 


(Q-J2i a i ) Q 3 


Z 12 Z 31 
X |Zi 2 | 


(Q-E/ 01)0 1 


Z 31 


Z 12 Z 23 


(Q-J2i a i) a 2 


— 2 ai «2 | Z 23 \ ~ 2q2Q 3 


1^13] 


— 2 aiOis 


j [ / d 2 Zi\z[ - Zi\- 2 bai \z ' 2 - Zi \~ 2ba2 14 - Zi \- 2ba3 |Zi - 4 


i= 1 ’ 


i<j 


1-2 b 2 


(5.182) 


Using the fixed points z' x = 1, z 2 = 0, z ' 3 = R, 6 1 = 0, 0 2 = 0, 9 ' 3 = Rq and eq.(5.168), 
we have 

lim /? 2 ( Q -E/ a ')«3 

R-^ 00 

| R-Zi- Rq9i \- 2ba3 JJ \Zi - Zj\- 2b \ (5.183) 

i<j 


1 z 12 r 512 1 z 23 r 523 1 z 13 r 513 j] 




I — 2 ba± 


1 — Zn 


1 — 2 bot 2 


7 In this expression we disregard factors which are proportionals to R 1 
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where 5ij = Aj + A j — A/ c , i / j / k. Additionally, taking into account that n*=i \R ~ 
Zi — Rrj9i\~ 2ba3 = R ~ 2bsa 3 11 — — i]9i\~ 2ba3 , we obtain 

lim R 2(Q-J2iai)a 3 x R -2bsa 3 

R —>oc 

|1 - Zi\~ 2ba2 \l - § - t ?^]” 26 " 3 TT |Z* - Zjl" 262 . ( 5 . 184 ) 

Kj 

Based on the on-shell condition eq.(5.133) we realize that there is no dependence on R 
in eq.(5.184), this fact is in accordance with the results from [47, 48] [45]. Hence, the 
next step is to deal with the remaining integral. In order to do this, it is usual in the 
literature [45] [47] [46] to take 77 small, thus eq.(5.184) becomes 

S 

\z 12 \- si2 \z 2 3\- s23 \z 13 \- si3 n 

i= 1 

11 + 260377 ^^] Z i -Z j \- 2b \ ( 5 . 185 ) 

2—1 i<j 


d 2 Zi 


Zi 


—2bai 


1 - Zi 


\— 2 boL 2 


\Z 12 \- 5l2 \Z 23 \- S23 \Z 13 \~ Sl3 n J d 2 Zi \zi\~ 2bai 


Following E. Abdalla et. al [45], R.C. Rashkov and M. Stanishkov [46] and L. Alvarez- 
Gaume and Ph. Zaugg [47, 48], we rewrite the latter equation in a general form as 

(n = \Zi 2 \- 5l2 \Z 13 \- s ' 3 \Z 23 \- S23 (D even + D odd r,rj ), (5.186) 

where D even represents the contribution due to an even number of fermionic variables 
9 (s even), while D odd comes from an odd number of these variables (s odd). In this 
way, the integral in eq.(5.185) is identified with the factor D even + D odd rjrj in eq.(5.186). 
Such an integral is written as 


J s+1 (ai,a 2 ,6;Z) = /n d 2 Zt\ 


I — 2bcx\ 


X \Zi — 1 


—2bot2 


|1 + 26770:3^ 9 j I 


i— 1 


2=1 


x JJ I Zi Zj 

i<j 


\- 2 b 2 


(5.187) 


where we have labelled this integral by J s+ 1 (ai,a 2 ,b', Z). L. Alvarez-Gaume and Ph. 
Zaugg [48] writes that integral as 



k 

x 11 — 2 cr] 

2=1 


k 

x III Zi ~ z i 

i<j 


e l 9 j \~ 2p . 


(5.188) 
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Hence, from eqs.(5.187) and (5.188) it is no difficult to identify that 


k = 

S, 

(5.189) 

a —> 

— 6 ai, 

(5.190) 

b -> 

— 6 a 2 , 

(5.191) 

c —» 

— 6 a 3 , 

(5.192) 

P = 

6 2 . 

(5.193) 


In this way, by taking into account the result of the supersymmetric extension of the 
Dotsenko-Fateev integral obtained in [47, 48], we have 




-P + 1. 

—z —i — 


IH< 

i =1 
k -1 

]^[ A (—a - c + p(k - 1) + 


~P ~ 1 . 
—^—* + 


i =0 


A(1 + a H- —i + 


)A(l + c + 


~P ~ 1 , 


i + 


1 

2 

(5.194) 


By using eqs.(5.189), (5.190), (5.191), (5.192) and (5.193), eq.(5.194) becomes 


7 +s! ( A(y + i) 


— 6 2 


, 2\2 § 


n^(^ 


3= 1 
s-1 


A( 6 ai + 6 a 2 + 6 2 (s — 1) + 

3=0 

— b 2 — 1 

A(1 - 6ai H--- j + 


— 6 2 — 1 


-3 + 


— 6 2 — 1 

A(1 — 602 H--- j + 


(5.195) 


Then we analyse the argument A( 6 ai + ba 2 + 6 2 (s — 1) H—| ) 


6 ai + 602 + 6 2 (s — 1 ) + 


— 6 2 — 1 


j + 


= 6 ai + 6 a 2 + 6 2 s - 6 2 - ^ j — | + 

6 ^ 7 

= 6 (ai + a 2 + 6 .s) -b 2 - —j - - + 


= b(Q - b)-a 3 b - + 

'-^' A 


- a 3 6 - - + 


6 2 


- y+ (5-196) 


1 
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As such, eq.(5.195) can be written as: 


7T S' 




ri A ( 


1=1 


-b 2 + 1 
-n- 3 


2 


) 


s —1 3 

nn A ( i_ ha i 


i=oj=i 



1 

2 


(5.197) 


The result for the s th term in the expansion of is obtained by combining eqs.(5.136) 
and (5.197) [45] [46]: 


Q 


s _ 

N=3 ~ 



UlZj-Zj^U^ 


-b 2 + 1 
-n- 3 


I<J 
s —1 3 


3 = 1 


nn ^ 1 - ba i - + 

j=o l=i 


)• 


We realize that G %=3 changes by depending on s. In this way, we have 


g s N=3 = \z 12 \- s ^\z 13 \- 5 ^\z 23 \- s ^ 


C^even ■ 
£>oddW; 


s E 2N, 
s E 2N + 1. 


Hence, by applying the results of eq.(5.197) and the “on-shell” condition s = (Q — 
X) 7 a/)/6, -Deven and £> odd are given as 


D 


even 


(^A (Atl 

y 8 2 


T^odd 



( Q~T,i a i)/ b 3 

I<J 

(Q-E/«/)/ b -i 3 


_<5 ” 77 A/_ — 3 


n a 


i=i 


n n A ( i ~ ba j -jj-~j+ 


1=0 1=1 


b 2 . 1 

■ 9 — — ' 
2 - 


(5.198) 


(Q-J2i a i)/ b 3 E/ Q /)/ b A 2 


I<J 

(Q-E/a/)/fc-i 3 


6 'I 


n A (=V^i 


1=1 


n n A(1 - K - + 


1=0 1=1 


(5.199) 


where A(x) = f(r=7) 
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Additionally, following the usual interpretation of the s th term under the on-shell con¬ 
dition [49] [50] [51] [46] [45] [23] [25], 

Res( ^ Gs) = G s 3 . (5.200) 

S =(Q-J2i a i )/b 

Finally, such prescription allows us to give an exact result for the three point function 
into Af = 1 Super Liouville theory, which by using eqs.(5.198) and (5.199) is 


G 3 = \Z 12 \- 5 ^\Z l3 \- 5 ^\Z 23 \- s ^(D even + D odd r,rj). (5.201) 



Chapter 6 


Final Remarks 


One of the main purposes of this dissertation has been to give a pedagogical introduction 
to Liouville field theory. Another important purpose was to demonstrate one of the more 
remarkable aspects of such a theory; this is, the exact computation of the three point 
function in the bosonic and supersymmetric case. 

For computing Liouville correlators, it is usual to use the Coulomb Gas method [17] 
[43] [28] [2] [4], In contrast, we used an alternative method for our first case, which 
was called the OPS method [20, 21]. That method showed to be a good alternative for 
obtaining the DOZZ formula, because the lattice of poles appeared in a natural way due 
to the introduction of the Watson-Sonmierfeld transform [26] [20]. 

However, for computing the supersymmetric version of the DOZZ formula we applied 
the usual Coulomb Gas method [45] [46] [47, 48]. Therefore, further research should be 
done in order to check if the OPS method also works in the supersymetric case. 

As stated in the introduction, there is a potentially interesting use of the Liouville theory 
which lies in the field of the AdS/CFT correspondence. We recall a very interesting 
result given by O. Coussaert, M. Henneaux and P. van Driel [22]. In that paper they 
related a three dimensional Einstein theory of gravity with negative cosmological con¬ 
stant (AdSs), and a two dimensional conformal field theory, which was identified to 
be the Liouville field theory ( CFT 2 ). Hence, they stated a correspondence of the kind 
AdSs/CFT 2 . They achieved such correspondence in a straightforward manner. In this 
way, it is natural to ask ourselves if the minimal surface created by fixing three points 
at the boundary, as on the Liouville side, will correspond to the exact form of the DOZZ 
formula. As far as we know, this is an unsolved question. Another interesting issue is 
the existence of a duality Gravity/SuperLiouville. Based on a lack of research on this 
issue, it is viewed as an open problem which is subject to future investigation. 

Finally, we hope this dissertation provides a starting point for future research in this 
field. 
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Appendix A 


A.l Conformal Coordinates 

Here, we obtain a convenient expression for eq.(4.53) in conformal coordinates. In 
order to do this, we take into account the conformal transformation between a general 
coordinate y and a euclidean flat one y'\ 


ds 2 (y) — e 2(T <is| uclidean , 
ds 2 (y) = e 2a {dy'l +dy'l). 


(A.l) 

(A.2) 


From the latter relation we get, 


„2 a 


9/j.Av) = 


0 e 


0 
2 a 


(A-3) 


Therefore, it is straightforward to obtain: 


\/det(s)(j,) = e 2a . 


(A.4) 


The relation between the physical scalar of curvature R and the reference one R is given 
by: 

R = e~ 2a (R- V 2 a). (A.5) 


Additionally, we recall 


1 


A = -—d tiy /gg^d v . 

Vg 


(A.6) 


By using this definition and eq.(A.5) we get, 


e 2a R = R + e za Aa. 


2cr , 


(A.7) 
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If we now set the reference metric as g\j V = 5^, it is possible to simplify eq.(A.7) because 
of R = 0. Therefore, we obtain a simple form for the physical scalar of curvature R = A a. 
By combining eq.(4.47) and the latter equation of R, we are able to write (we use x and 
y as arbitrary variables): 

P{x) = ^ J d 2 y^/g(y)G(x,y)R [g] (y), 

P(x) = IJ d 2 y e 2 a G(x,y)A g a{y), 

P{x) = / d 2 y e 2 rj (A g G(x,y)) a(y) + surface terms, 

7T J 

P(x) = — d 2 yir 5 2 (x,y)~ In ./detgo,) + surface terms, 

F(x) = IfWfry) ln v ^i + surface terms. 

(A-8) 


Disregarding the surface terms, such as f d 2 y A (G(x, y) In y^det g^) , 

J d 2 yA(G(x, y) In yj det g^ y) ) —■> 0. 

Finally, we obtain the desired expression for P(x): 

P(x) = ^ In yj det g (x) . 


(A.9) 









Appendix B 


Appendix B 


B.l UV behaviour of 2D Green functions 


Starting by introducing the conformal relation in complex coordinates: 

ds 2 = y/gdzdz. 

We want to analyse the special limit of G(x, y) as x —>• y, 

lim G(x, y). 

Z-H/ 

From eq.(4.58) we have, 

y 2 A 

Hence, the limit given by eq.(B.2) becomes: 

lmi G(x,y) = 

_1 (g)~ l ^\ds\ 

2 1 A 
1 \ds\ 1 

= --hr— + i ln(^). 


(B.l) 


(B.2) 


(B.3) 


(B.4) 

(B.5) 

(B.6) 


Therefore, by reabsorbing the geodesic invariant distance \ds\ into the renormalization 
scale A and also by defining G R (x , x) = lirn x ^ y G(x, y), we have 


Gq(x,x) = ^ln(^). 


(B.7) 
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This computation along with the one given in Appendix A are also valid in the Super- 
symmetric case. We performed analogous computations in supersymmetric language in 
Chapter 5. 



Appendix C 


Appendix C 


C.l The Dotsenko-Fateev integral 


In this last Appendix we derive eq.(4.99) by starting from the result obtained by Dot- 
senko and Fateev [19]. They solve the integral 


Isim, n) 



(C.l) 


By identifying the parameters p, p',a,a ', /3 and f3' as 


P = ~b, P=~y 2 i a = -2bai, 

Q r) 1 f 2ot\ 20i2 

P = -Zba 2 , a , /3 = - 


(C.2) 


we realize that the latter expression is equal to eq.(4.97). Applying the dictionary given 
by eq.(C.2) and using the result by Dotsenko and Fateev [19], into eq.(C.l). We have 


3 m— 1 


-1 


23 ( 771 , n) = [m!n!vr m+n r 8mn (7(-6 2 ))- m (7(-6- 2 ))- n ] JJ JJ 7 (26a/ + rt 2 ) 


3 n- 1 


\i=i t =0 
n 


nn 7(2 bai + m + tb 2 ) 


P[ 7(1 + tb 2 ) + m + tb 2 ) 


v/=i t =0 


Kt= l 


t= 1 


(C.3) 


In order to extrapolate the latter result to non-integer values of m and n, we will trans¬ 
form the latter three terms in eq.(C.3) and express them by using the Zamolodchikov’s 
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function Y(.t). From eq.(4.103), we have [15] 


7(fa) = 


(C.4) 


Hence, by replacing x —> x + tb it is possible to obtain the following recursion relation 

(C.5) 


7 (bx + tb 2 ) = T( i +(t+ , 1 )b) 6 2to+m2 - 1 


T(x + tb) 

Additionally, from eq.(C.5) it is possible to obtain 


m —1 


J ] 7 (bx + tb 2 ) = 


t = 0 
m 


f['y(bx + tb 2 ) = T ( x + ( m + 1 ) 6 ) 6 m[( 2 to-l)+(m+l)& 2 l j 


t=l 


Y(x + 6) 

Replacing eqs.(C. 6 ) and (C.7) into the first and second term of eq.(C.3) 


(C. 6 ) 

(C.7) 


3 m— 1 


-1 


n n + tft2 ) = (6 ) _t " [46i:j « J - 3 + 3 (m.- i )6 2 ] j j 


T(2 aj) 


\i =l t=o 

3 n—1 


X( 2 a/ + mb) 


, (C. 8 ) 


-l 


nn 7 ( 2 bai + m + tb 2 ) 


vz=i t=o 


/I)- n [5E/“/-3+6m+1^41] TT T(2qj + mb) 

V y i T(2a/ + m6+f)' 

(C.9) 


For the remaining term in eq.(C.3) we must be careful, because as we mentioned in 
Chapter 4 the Zamolodchikov’s function T(x) has poles at x = —mb — n/b and x = 
(m + 1)6 + (n + l)/ 6 . To avoid this issue, we introduce a non-zero parameter e and 
compute what we want. As usual at the end of the calculation we will take the limit 
e —> 0. Hence, we have 


-1 


H 7( 1 + tb 2 + e) n 7(1 + m + tb~ 2 + e) ) = ( 6 )W(i+ 2 m ) + ^]- m [i +(m+ i)^] x 


\t =1 


t =1 


[ T(6+i + e) 

\r((l + m)6+^ + , 


(C.10) 


Now we use the relation Q = 6 + 1/6 in the latter equation. Thus, it is easy to obtain 


lim hAA+2rn)+^^]-rn[l+(rn+l)b 2 } 

ho" !T(Q + m 6 +f + e) 


T(Q + e) 


(C.ll) 
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Additionally, we use the reflection property T(x) = T (Q — x) into eq.(C.ll). 
way, the last equation involving T(x) functions becomes 

T(Q + e) _ T(e) 

T (Q + mb+^ + e) T((-m6 - £) - e)' 

Applying the well-known L’Hospital’s rule, we easily find 

lim f_IM_ 1 =_ T '< 0 > . 

no \T((-mi.-?)-£)/ 

Therefore, eq.(C.lO) becomes 

— (h\(f- mb )( 2 Q-y.r aA-Zmri ^ ( 0 ) 

u T '{-mb-lY 

Finally, combining eqs.(C. 8 ), (C.9) and (C.14), we have 

Y' N =3 y 

X 3 (m,n) = ^ - JJ —-—-, 

(—bm—(^)n) 1=1 

where 4>b and (p\ n, are defined by eqs.(4.101) and (4.102). 


In this 

(C.12) 


(C.13) 


(C.14) 


(C.15) 
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D.l c, d and (3 


In this last appendix we show the result for the variables c, d and {3 which were computed 
by using Mathematica. Recalling that the system of equations to be solved is 


, az\ + b + ocQ i 
c^i T d -\- (3Q\ 

, _ az 2 + b + ad 2 
cz 2 + d + fdd 2 
, _ az 3 + b + ad 3 
CZ 3 + d + /3$3 
q/ az\ + /3 + 

czr T d T /3dr 
qi az 2 + + d $2 

c^2 + d + f36 2 
ad — be — 3a/3 


1 , 

0 , 

R, 

0 , 

0 , 

1 . 


(D.l) 

(D.2) 

(D.3) 

(D.4) 

(D.5) 

(D.6) 


Therefore, we have: 
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c=-4aR02 A 2z 1 ''2 + 6 aiR 02 / ' 2 z 1 A 2 + 4aR/'2 02 A 2 z 1 '' 2 - 12 aiRA 2 e 2 A 2 z 1 /'2 + 

9ai A 2R A 2 0 2 A 2 z 1 A 2 + 8aR0 2 03 Z! A 2 - 6 a i R0 2 ©3 Zi A 2 - 8 n R A 2 0 2 ©3 Z 3 A 2 + 

12 a iR A 2 0 2 ©3 Z! A 2 - 4aR0 3 A 2 Z! A 2 + 4aR A 2 0 3 A 2 Z! A 2 -4 0 03 02 z 2 z 2 + 
8 aR 0 1 02 Z 1 Z 2 - 6 aiR 0 1 02 Z 1 Z 2 + 9ai A 2R0 1 02Z 1 Z2-4aR A 2 0 1 0 2 z 1 Z 2 + 

12 aiR A 20 1 02 Z 1 z 2 -9ai A 2R A 2 0 1 02 Z 1 Z 2 + 4a02 A 2z 1 Z2-6ai©2 A 2z 1 Z2- 
6 aiR 0 2 A 2 z 1 Z 2 + 9ai A 2R0 2 A 2z 1 Z2-4aR A 2 02 A 2 z 1 Z 2 + 12 aiR A 2 02 A 2 z 1 z 2 - 
9ai A 2R A 2 02 A 2 z 1 z 2 + 4a0 1 03Z 1 Z2-8aR0 1 03Z 1 Z2 + 6 aiR 0 1 03 Z 1 z 2 + 

4 aR A 20[03 z ± z 2 -6aiR A 2 0 1 0 3 z ± z 2 - 4 a 0 2 0 3 z± z 2 + 6 a i 0 2 0 3 z 1 z 2 - 8 a R 0 2 0 3 z ± z 2 + 

6 aiR0 2 0 3 Z! z 2 + 12 aR A 2 0 2 0 3 z 2 z 2 -18niR A 2 0 2 ©3 z 2 z 2 t 8 «R0 3 a 2 z 2 z 2 - 
8aR A 2 0 3 A 2 Zi z 2 + 4 a ©3 A 2 z 2 A 2 + 6 ai© 3 A 2 z 2 A 2-4a:R0 1 A 2 z 2 A 2-6aiR0 1 A 2 z 2 A 2 - 
4 a 0! 0 2 z 2 a 2 + 9 a i A 2 ©3 © 2 z 2 A 2 + 12aiR0 1 0 2 z 2 A 2 -18ai A 2R0 1 0 2 z 2 A 2 + 

4aR A 2 0 1 0 2 Z 2 A 2 - 12 aiR A 2 0 1 02 Z 2 A 2 + 9ai A 2R A 2 0 1 02 Z2 A 2-4a0 1 ©3Z2 A 2 + 

8 a: R ©! 0 3 z 2 A 2 -6 a: iR©! 0 3 z 2 A 2 - 4 a R A 2 ©3 0 3 z 2 A 2 + 6aiR A 2 0 1 © 3 z 2 A 2 + 

4 a © 2 ©3 z 2 A 2 - 6 a i © 2 ©3 z 2 A 2 - 4 a R A 2 © 2 © 3 z 2 A 2 + 6 a i R A 2 © 2 0 3 z 2 A 2 - 

4 oR© 3 A 2 z 2 A 2 + 4 aR A 2 0 3 a 2 z 2 A 2 t 4 003 02 Z 3 z 3 - 8 a:Re 1 02 Z 3 z 3 + 
6 aiR© 1 0 2 z 1 Z 3 - 9 ai A 2 R© 1 02 Z 1 Z 3 + 4aR A 2 0 1 © 2 z 1 z 3 -12aiR A 2 0 1 © 2 z 1 Z 3 + 
9ai A 2R A 2 0 1 ©2Z 1 Z3-4a0 2 A 2z 1 Z3 + 6 ai 02 A 2 z 1 Z 3 + 8 aR 02 A 2 z 1 Z 3 - 
6 aiR 0 2 A 2 z 1 Z 3 - 9 ai A 2 R 0 2 A 2 z 1 z 3 - 4 aR A 2 02 A 2 z 1 Z 3 + 12aiR A 2 02 A 2 z 1 z 3 - 

9 a: i A 2 R A 2 0 2 A 2 Z 3 z 3 -4 003 03 Zi z 3 t 8 aR 03@3 Zi z 3 - 6 a: iR ©3 0 3 Z 3 z 3 - 
4 a R A 2 ©3 0 3 z t z 3 + 6 a i R A 2 0 3 0 3 Z 3 z 3 + 4 a0 2 0 3 z 2 z 3 - 6 a i 0 2 03 z 1 z 3 - 
8oR0 2 ©3 Z 3 z 3 + 6 o iR0 2 0 3 Z 3 z 3 + 4 oR A 2 0 2 ©3 z t z 3 - 6 oi R A 2 0 2 ©3 z 2 z 3 - 

8 a 03 A 2 z 2 z 3 -12ai0 1 A 2 z 2 z 3 + 8 a R ©3 A 2 z 2 z 3 tl 2 aiR© 3 A 2 z 2 z 3 + 12 063 0 2 z 2 z 3 - 
18a i A 2 ©3 © 2 z 2 z 3 - 8 aR ©3 0 2 z 2 z 3 -18 aiR ©3 0 2 z 2 z 3 + 27 ai A 2 R© 3©2 z 2 z 3 - 
4aR A 2 ©!© 2 z 2 z 3 + 12 aiR A 2 ©3 0 2 z 2 z 3 -9ai A 2R A 2 0 1 0 2 z 2 z 3 -4a© 2 A 2 z 2 z 3 + 

6ai© 2 A 2 z 2 z 3 + 6aiR© 2 A 2 z 2 z 3 -9ai A 2R© 2 A 2 z 2 z 3 + 4aR A 2 0 2 A 2 z 2 z 3 - 
12aiR A 2 0 2 A 2 z 2 z 3 + 9ai A 2R A 2© 2 A 2 z 2 z 3 + 4 a ©3 0 3 z 2 Z 3 - 8 aR ©!©3 z 2 z 3 + 

6 a i R ©3 © 3 z 2 z 3 + 4 a R A 2 ©3 0 3 z 2 z 3 - 6 a i R A 2 ©3 © 3 z 2 z 3 - 4 a 0 2 ©3 z 2 z 3 + 6 a i © 2 ©3 z 2 z 3 + 

8 a R ©2 ©3 z 2 z 3 - 6 a i R © 2 ©3 z 2 z 3 - 4 a R A 2 © 2 0 3 z 2 z 3 + 6 a i R A 2 © 2 0 3 z 2 z 3 + 

4 a© 3 A 2 z 3 A 2 + 6 ai© 3 A 2 z 3 A 2 - 4 aR© 3 A 2 z 3 A 2 - 6 aiR© 3 A 2 z 3 A 2 - 8 a© 3© 2 z 3 A 2 + 
9ai A 2©3©2Z3 A 2 + 8 aR 03 © 2 Z 3 A 2 + 6aiR©3©2Z3 A 2-9ai A 2R©3©2Z3 A 2 + 

4 a © 2 A 2 z 3 A 2 - 6 ai© 2 A 2 z 3 A 2-4aR0 2 A 2 z 3 A 2 + 9 oi A 2R0 2 A 2 z 3 A 2 - 

2 R0 2 Zi y (a A 2 ((2 (1 + R) 0 3 (zi-z 2 ) + (-2 + (-2 + 3 i) R) © 2 (zi-z 3 ) - 

(3 i ( - 1 + R) - 2 (1 + R) ) ©1 (z 2 - z 3 ) ) A 2 + 8 R (2 (0 3 (z ± - z 2 ) + ©3 (z 2 - z 3 ) ) + 

(-2 + 3 i) © 2 (Zi - z 3 ) ) (0 3 (-Z 1 + Z 2 ) +■ 0 2 (z 1 — z 3 ) + ©1 (—z 2 + z 3 )))) + 

3 iRS 2 Zi 3 / (a A 2 ((2 (1 + R) © 3 (zi-z 2 ) + (-2 + (-2 + 3 i) R) © 2 (zi-z 3 ) - 

(3 i ( - 1 + R) - 2 (1 + R) ) ©1 (z 2 - z 3 ) ) A 2 + 8 R (2 (0 3 (z 3 - z 2 ) + ©3 (z 2 - z 3 ) ) + 

(-2 + 3 i) © 2 (zi - z 3 ) ) (0 3 (-Zi + z 2 ) + © 2 (z 1 - z 3 ) + ©1 (-z 2 + z 3 ) ) ) ) + 

2 R0 3 Zi V (a A 2 ( (2 (1 + R) 0 3 (z 3 - z 2 ) + (-2 + (-2 + 3 i) R) © 2 (z 3 - z 3 ) - 

(3 i ( - 1 + R) - 2 (1 + R) ) ©1 (z 2 - z 3 ) ) A 2 + 8 R (2 (© 3 (z 3 - z 2 ) + ©3 (z 2 - z 3 ) ) + 

(-2 + 3 i) © 2 (Zi - z 3 ) ) (0 3 (-Zi + z 2 ) + 0 2 (Zi - z 3 ) + ©1 (-Z 2 + Z 3 )))) + 

2 ©3 z 2 V (“ A2 ((2 ( 1 + R ) 0 3 (Z 1 -Z 2 ) + (-2 + (-2 + 3 i) R) ©2 (Z 1 -Z 3 ) - 

(3 i (-1 + R) - 2 (1 + R) ) ©i (z 2 - z 3 ) ) A 2 + 8 R (2 (0 3 (Zi - z 2 ) + ©3 (z 2 - z 3 ) ) + 

(-2 + 3 i) © 2 (Zi - z 3 ) ) ( 0 3 (-Zi + z 2 ) + ©2 (z 1 — z 3 ) + ©1 (—z 2 + z 3 )))) - 

2 ©2 z 2 V ( aA 2 ((2 (1 + R) ©3 (Z 1 -Z 2 ) + (-2 + (-2 + 3 i) R) © 2 (Z 1 -Z 3 ) - 

(3 i (-1 + R) - 2 (1 + R) ) ©1 (z 2 - z 3 ) ) A 2 + 8 R (2 (© 3 (z 3 - z 2 ) + ©3 (z 2 - z 3 ) ) + 

(-2 + 3 i) © 2 (Zi - z 3 ) ) (0 3 (-Zi + z 2 ) + ©2 (z 1 — z 3 ) + ©1 (—z 2 + z 3 )))) + 

3 i © 2 z 2 y (a A 2 ( (2 (1 + R) 0 3 (z 3 -z 2 ) + (-2 + (-2+3 i) R) ©2 (z 1 - z 3 ) - 

(3 i ( - 1 + R) - 2 (1 + R) ) ©1 (z 2 - z 3 ) ) A 2 + 8 R (2 (© 3 (z 3 - z 2 ) + ©3 (z 2 - z 3 ) ) + 
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| Coefficient^,nb 


(-2 + 3 i) 0 2 (z x - z 3 ) ) (0 3 (-Zi + z 2 ) +0 2 (z x - z 3 ) +0! (-z 2 + z 3 ) )) ) + 

2 R0 2 z 2 V (« A 2 ( (2 (1 + R) e 3 (Zj. - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 ( Zl - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) Si (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (z 3 - z 2 ) +0! (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (z 3 - z 3 )) (0 3 ( — z 3 + z 2 ) + 0 2 (z 3 - z 3 ) +0 3 (— z 2 + z 3 ) )) ) - 

3 i R0 2 z 2 V (« A 2 ( (2 (1 + R) 0 3 (z 3 - z 2 ) + (-2 + (-2+3 i) R) 0 2 (z 3 - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0! (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (z 3 - z 2 ) + Q 1 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (Zj. - z 3 )) (0 3 ( — z 3 + z 2 ) + 0 2 (z 3 - z 3 ) +0 3 (— z 2 + z 3 ) )) ) - 

2 R0 3 z 2 V (« A 2 ( (2 (1 + R) 0 3 (z 3 - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (z 2 - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0i (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 ( Zl - z 2 ) + 0 3 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (zj. - z 3 )) (0 3 (-Zi + z 2 ) + 0 2 (Zi - z 3 ) +0 3 (— z 2 + z 3 ) )) ) - 
2 0 3 z 3 V ( aA 2 ( (2 (1 + R) 0 3 (z! - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (z 3 - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0! (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (z 3 - z 2 ) + Q 1 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (zj. - z 3 )) (0 3 (-Zi + z 2 ) + 0 2 (Zi - z 3 ) +0 3 (— z 2 + z 3 ) )) ) + 

2 0 2 z 3 V (« A 2 ( (2 (1 + R) 0 3 (z! - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 ( Zl - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0! (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (z 3 - z 2 ) + 0 3 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (Zl - z 3 )) (0 3 (- Zl + z 2 ) +0 2 (Zl - z 3 ) +0i (-z 2 + z 3 ) )) ) - 

3 i 0 2 z 3 V (“ A2 ( (2 (1 + R) 0 3 (zi - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (z 2 - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0i (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (Zi - z 2 ) + 0i (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (zi - z 3 )) (0 3 (-Zi + z 2 ) + 0 2 (zi - z 3 ) +0i (-z 2 + z 3 ) )) )) / 

(4 (-1 + R) R (z 2 - z 2 ) (2 (0 3 (Zi - z 2 ) +0i (z 2 — z 3 )) + (-2 + 3 i) 0 2 (z 2 - z 3 )) 

(Z2 - Z 3 )) 
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d = (-4 a0 2 fl 2 z 3 A 2 z 2 + 6ai© 2 A 2 z 3 A 2 z 2 t4 aE0 2 ''2 z 3 A 2 z 2 -9aii'2E0 2 ''2 z 1 ''2 z 2 + 

4 a 0 2 0 3 z 3 A 2 z 2 - 6 a i 0 2 0 3 z^2 z 2 -8aR0 2 0 3 z 3 A 2 z 2 + 6aiR8 2 0 3 z 3 A 2 z 2 + 

4 a R A 2 0 2 0 3 z 3 A 2 z 2 -6aiR A 2 0 2 0 3 z 3 A 2 z 2 +4aR0 3 A 2 z 3 A 2 z 2 - 
4aR A 2 03 A 2 z 1 A 2 z 2 + 8a0 1 0 2 z 1 z 2 A 2-9ai A 2 0 1 0 2 z 1 z 2 A 2-8aR0 1 0 2 z 1 z 2 A 2- 
6aiR0 1 0 2 z 1 z 2 <'2t9ai''2R0 1 0 2 z 1 z 2 ''2-4a0 1 0 ! z 1 z 2 ''2t8i3R0 1 0 3 z 1 z 2 »2- 
6 a i R 0 3 0 3 z 1 z 2 ''2-4nR''2 0 1 0 3 z 3 z 2 A 2 + 6aiR A 2 0 1 0 3 z 3 z 2 A 2-4a0 2 0 3 z 3 z 2 A 2 + 

6 a i 0 2 0 3 z 3 z 2 A 2 + 8 a R 0 2 0 3 z 3 z 2 A 2 - 6 a i R 0 2 0 3 z 3 z 2 A 2 - 4 a R A 2 0 2 0 3 z 3 z 2 A 2 + 
6aiR A 2 0 2 03 Z 1 z 2 A 2 - 8 aR 03 A 2 z 1 z 2 A 2 + 8aR A 2 03 A 2 z 1 z 2 A 2 - 4 a 0 1 A 2 z 2 A 3 - 
6ai0 1 A 2z 2 A 3+4aR0 1 A 2z 2 ^3 + 6aiR0 1 A 2z 2 A3+4a0 1 0 3 z 2 A3-8aR0 1 0 3 z 2 A3 + 

6 a i R 0 3 0 3 z 2 A 3 + 4aR A 2 0 1 0 3 z 2 a 3 - 6 a i R A 2 0 3 0 3 z 2 A 3+4aR0 3 A 2 z 2 A 3 - 
4aR A 2 0 3 A 2 z 2 a 3 + 4 a 0 2 A 2 z 3 A 2 z 3 -6ai0 2 A 2 z 3 A 2 z 3 -6aiR0 2 A 2 z 3 A 2 z 3 + 
9ai A 2R0 2 A 2 z 3 A 2 z 3 -4aR A 2 0 2 A 2 z 3 A 2 z 3 + 12 a i R A 2 0 2 A 2 z 3 A 2 z 3 - 
9ai A 2R A 2 0 2 A 2 z 3 A 2 z 3 - 4 a 0 2 0 3 z 3 A 2 z 3 + 6ai 0 2 0 3 z 3 A 2 z 3 + 4 a R A 2 0 2 0 3 z 3 A 2 z 3 - 
6aiR A 2 0 2 0 3 z 1 A 2z 3 -12a0 1 0 2 z 1 z 2 z 3 + 18ai A 2 0 1 0 2 z 1 z 2 z 3 + 8aR0 1 0 2 z 1 z 2 z 3 + 
18aiR0 1 0 2 z 1 z 2 z 3 -27ai A 2R0 1 0 2 z 1 z 2 z 3 + 4aR A 2 0 1 0 2 z 1 z 2 z 3 - 
12aiR A 2 0 1 0 2 z 1 z 2 z 3 + 9ai A 2R A 2 0 1 0 2 z 1 z 2 z 3 +4a0 2 A 2z 1 z 2 z 3 - 
6ai0 2 A 2z 1 z 2 z 3 -8aR0 2 A 2z 1 z 2 z 3 + 6aiR0 2 A 2z 1 z 2 z 3 + 9ai A 2R0 2 A 2z 1 z 2 z 3 + 
4aR A 2 0 2 A 2 z 2 z 2 z 3 -12aiR A 2 0 2 A 2 z 3 z 2 z 3 t 9 a i A 2 R A 20 2 A 2 z 3 z 2 z 3 t 
4a0 1 0 3 z 1 z 2 z 3 -8aR0 1 0 3 z 1 z 2 z 3 + 6aiR0 1 0 3 z 1 z 2 z 3 +4aR A 2 0 1 0 3 z 1 z 2 z 3 - 
6aiR A 2 0 1 0 3 z 1 z 2 z 3 + 4a0 2 0 3 z 1 z 2 z 3 -6ai 0 2 0 3 z 1 z 2 z 3 + 8aR0 2 0 3 z 1 z 2 z 3 - 
6 a i R 0 2 0 3 z 1 z 2 z 3 - 12 a R A 2 0 2 0 3 z 3 z 2 z 3 + 18 a i R A 2 0 2 0 3 z 3 z 2 z 3 + 

8a0 1 A 2 z 2 A 2 z 3 t 12ai0 3 A 2 z 2 A 2 z 3 - 8aR0 2 A 2 z 2 A 2 z 3 -12 aiR0 1 A 2 z 2 A 2 z 3 - 
4 a 0 3 0 2 z 2 A 2 z 3 + 8 a R 0! 0 2 z 2 A 2 z 3 - 6 a i R 0 2 0 2 z 2 A 2 z 3 +9 a i A 2 R 0 3 0 2 z 2 A 2 z 3 - 
4aR A 2 0 3 0 2 z 2 a 2 z 3 + 12 a i R A 2 0 2 0 2 z 2 A 2 z 3 - 9 ai A 2R A 2 0 1 0 2 z 2 A 2 z 3 - 
4 a 0 3 0 3 z 2 A 2 z 3 + 8 a R 0 3 0 3 z 2 A 2 z 3 - 6 a i R 0 3 0 3 z 2 A 2 z 3 - 4 a R A 2 0 3 0 3 z 2 A 2 z 3 + 

6 a i R A 2 0i 0 3 z 2 A 2 z 3 - 8 a R 0 2 0 3 z 2 A 2 z 3 + 6 a i R 0 2 0 3 z 2 A 2 z 3 + 8 a R A 2 0 2 0 3 z 2 A 2 z 3 - 
12 a iR A 2 0 2 0 3 z 2 a 2 z 3 + 4 a 0 3 0 2 z 1 z 3 A 2-9 a i A 2 0 3 0 2 z 3 z 3 A 2 -12 aiR©! 0 2 z 1 z 3 A 2 + 
18ai A 2R0 1 0 2 z 1 z 3 A 2-4aR A 2 0 1 0 2 z 1 z 3 A 2 + 12aiR A 2 0 1 0 2 z 1 z 3 A 2- 
9ai A 2R A 2 0 1 0 2 z 1 z 3 A 2-4a0 2 A 2z 1 z 3 A 2 + 6ai0 2 A 2z 1 z 3 A 2 + 6aiR0 2 A 2z 1 z 3 A 2- 
9ai A 2R0 2 A 2 z 3 z 3 A 2 + 4aR A 2 0 2 A 2 z 3 z 3 A 2 - 12 aiR A 2 0 2 A 2 z 1 z 3 A 2 + 

9ai A 2R A 2 0 2 A 2 z 1 z 3 A 2-4a0 3 A 2 z 2 z 3 A 2-6ai©! A 2 z 2 z 3 A 2 + 4aR0 3 A 2 z 2 z 3 A 2 + 

6 a i R ©! A 2 z 2 z 3 A 2 + 4 a ©! 0 2 z 2 z 3 A 2 - 8 a R ©! 0 2 z 2 z 3 A 2 + 6 a i R ©! 0 2 z 2 z 3 A 2 - 
9ai A 2R0!© 2 z 2 z 3 A 2 + 4aR A 2 0 1 0 2 z 2 z 3 A 2 - 12 a i R A 2 0 2 0 2 z 2 z 3 A 2 + 

9ai A 2R A 2 0 1 0 2 z 2 z 3 A 2 + 4aR0 2 A 2z 2 z 3 A 2-6aiR0 2 A 2z 2 z 3 A 2- 
4aR A 2 0 2 A 2 z 2 z 3 a 2 + 12 aiR A 2 0 2 A 2 z 2 z 3 A 2 - 9 ai A 2R A 2 0 2 A 2 z 2 z 3 A 2 + 

2 0 2 ZjZ 2 V (« a 2 ((2 (1 + R) 0 3 (z! — z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (Zi-z 3 ) - 

(3 i ( - 1 + R) - 2 (1 + R) ) 0! (z 2 - z 3 ) ) A 2 + 8 R (2 (0 3 (z 3 - z 2 ) + B 1 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (Zj. - z 3 ) ) (0 3 (-z 3 + z 2 ) + 0 2 (z 3 - z 3 ) + ©! (— z 2 + z 3 ) ) ) ) - 

3 i 0 2 z 3 z 2 V (a A 2 ( (2 (1 + R) 0 3 (z 3 - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (z 3 - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R) ) ©! (z 2 - z 3 ) ) A 2 + 8 R (2 (0 3 (z 3 - z 2 ) + 0 3 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (Z 3 - Z 3 ) ) (0 3 (—Z 3 + Z 2 ) + 0 2 ( Z! — Z 3 ) + ©! ( - Z 2 + Z 3 ) ) ) ) - 

2 R 0 3 Zi z 2 V (a A 2 ( (2 (1 + R) 0 3 (z 3 - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (Zj. - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R) ) 0! (z 2 - z 3 ) ) A 2 + 8 R (2 (0 3 (z 3 - z 2 ) + 0 3 (z 2 - z 3 ) ) + 
(-2 + 3 i) 0 2 (Zj. - z 3 ) ) (0 3 (-Zi + z 2 ) + 0 2 (z 3 - z 3 ) + ©! (— z 2 + z 3 ) ) ) ) - 
2 ©i z 2 A 2 (a A 2 ((2 (1 + R) 0 3 (Zi-z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (Zi-z 3 ) - 

(3 i (-1 + R) - 2 (1 + R) ) 0! (z 2 - z 3 ) ) A 2 + 8 R (2 (0 3 (z 3 - z 2 ) + B 1 (z 2 - z 3 ) ) + 
(-2 + 3 i) 0 2 (Zj. - z 3 ) ) (0 3 (-Zi + z 2 ) +0 2 (z 3 - z 3 ) + ©! (— z 2 + z 3 ) ) ) ) + 

2 R 0 3 z 2 A 2 V (a A 2 ( (2 (1 + R) 0 3 (Zj. - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (Zj. - z 3 ) - 
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(3 i (-1 + R) - 2 (1 + R)) 0! (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 ( Zl - z 2 ) +0! (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (z x - z 3 )) (0 3 (-z 3 + z 2 ) + 0 2 (z 3 - z 3 ) +0! (— z 2 + z 3 ) )) ) - 

2 0 2 Zl z 3 V (aA2 ( (2 (1 + R) 0 3 (z 3 - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 {z ± - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0! (z 2 - z 3 ) ) a2 + 8 R (2 (0 3 (z 3 - z 2 ) +0! (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (Zj. - z 3 )) (0 3 (- Zl + z 2 ) + 0 2 (z 3 - z 3 ) +0 3 (— z 2 + z 3 ) )) ) + 

3 i0 2 z 3 z 3 V (a A 2 ((2 (1 + R) 0 3 (Zi - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (Zi - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0! (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (z 3 - z 2 ) + Q 1 (z 2 - z 3 ) ) + 
(-2 + 3 i) 0 2 (z 3 - z 3 )) (0 3 (- Zl + z 2 ) + 0 2 (z 3 - z 3 ) +0 3 (— z 2 + z 3 ) )) ) + 

2 R0 2 Zl z 3 V (« A 2 ( (2 (1 + R) 0 3 (Zi - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (z 3 - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0! (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (z 3 - z 2 ) + Q 1 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (z x - z 3 )) (0 3 (-z 3 + z 2 ) + 0 2 (z 3 - z 3 ) +0 3 (— z 2 + z 3 ) )) ) - 

3 i R0 2 z 3 z 3 ^ (a A 2 ((2 (1 + R) 0 3 (Zi - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (z x - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0! (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (z 3 - z 2 ) + 9 1 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (z x - z 3 )) (0 3 (-Zi + z 2 ) + 0 2 (z 3 - z 3 ) +0 3 (— z 2 + z 3 ) )) ) + 

2 0 3 z 2 z 3 V (a A 2 ( (2 (1 + R) 0 3 {z 1 - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (z 3 - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0! (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (z 3 - z 2 ) + Q 1 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (Zl - z 3 )) (0 3 (- Zl + z 2 ) +0 2 (Zl - z 3 ) +0i ( — z 2 + z 3 ) ) ) ) - 

2 R0 2 z 2 z 3 V («a2 ( (2 (1 + R) 0 3 (z 1 - z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (Zi - z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0i (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (zi - z 2 ) + 0i (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (Zi - z 3 )) (0 3 (-Zi + z 2 ) + 0 2 (Zi - z 3 ) +0i (— z 2 + z 3 ) )) ) + 

3 i R 0 2 z 2 z 3 a/ (a a 2 ((2 (1 + R) 0 3 (Zi-z 2 ) + (-2 + (-2 + 3 i) R) 0 2 (Zi-z 3 ) - 

(3 i (-1 + R) - 2 (1 + R)) 0i (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (Zi - z 2 ) + 0i (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (Zi - z 3 )) (0 3 (-Zi + z 2 ) + 0 2 (zi - z 3 ) +0i (-z 2 + z 3 ) )) )) / 

(4 (-1 + R) R (zi - z 2 ) (2 (0 3 (Zi - z 2 ) +0i (z 2 - z 3 ) ) + (-2 + 3 i) 0 2 (zi - z 3 ) ) 

(Z2 - Z 3 )) 


Printed by Wolfram Mathematica Student Edition 



Appendix D. 


118 


H = 

(- 2 a 0 2 Zi - 2 a R 0 2 Zi + 3 a i R e 2 z x + 2 a e 3 Zi + 2 a R S 3 Zi + 2 a 0! z 2 + 3 a i 0! z 2 + 2 a R ©! z 2 - 3 

a i R 0 3 z 2 - 2 a 0 3 z 2 - 2 a R 0 3 z 2 - 2 a 0 3 z 3 - 3 a i 0 3 z 3 - 2 a R 0 3 z 3 t 3 a i R 0 t z 3 t 2 a 0 2 z 3 t 

2aR0 2 z 3 -3 aiR0 2 z 3 + i/(a«2 ((2 (1 + R) 0 3 (z 3 -z 2 ) + (-2 + ( - 2 + 3 i) R) 0 2 (z 3 - z 3 ) - 
(3 i (-1 + R) - 2 (1 + R) ) 0! (z 2 - z 3 ) ) a 2 + 8 R (2 (0 3 (z 3 - z 2 ) + 0 3 (z 2 - z 3 ) ) + 

(-2 + 3 i) 0 2 (z 3 - z 3 ) ) (0 3 (-z 3 + z 2 ) + 0 2 (z 3 - z 3 ) +0 3 (-z 2 + z 3 ) ) ) ) ) / 

(2 R (2 (0 3 (z! - z 2 ) + 0! (z 2 - Z 3 ) ) + (-2 + 3 i) 0 2 (z 3 - z 3 ) ) ) 


Printed by Wolfram Mathematica Student Edition 
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